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Introdution
Topi: in�nite ombinatoris.simple results (no bakground in set theory needed),ommon feature: the proofs are smart indutions:list your objetives/obstales,life is hard = in�nitely many obstales,solve one after the other using indution.it an be ruial how you enumerate: use Davies-trees.
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The �rst appliations(R. O. Davies, 1962) R2 is overed by ountably many rotatedgraphs of funtions.(S. Jakson, R. D. Mauldin, 2002) There is a subset A of R2whih intersets eah isometri opy of Z× Z in exatly one point.I.e. eah rotation A′ of A tiles the plane:
R2 = ⊔

(n,m)∈Z×Z

A′ + (n,m).(D. Milovih, 2008) Base properties of ompat spaes.D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 3 / 22
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A little bit about in�nitiessmallest in�nite sets: N, Q, ... ountable sets,larger in�nite sets: P(N), R, P(R) ... unountable sets,size of R is alled theontinuum,Continuum Hypothesis (CH):the suessor of |N| is theontinuum,the ontinuum an be the 2nd,3rd, ... 24th ... suessor of |N|.D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 4 / 22
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Disjoint and almost disjoint familiesThere is an in�nite family A of pairwise disjoint in�nite sets in N:Ai = {pki : k ∈ N} where pi is the ith prime.Are there unountably many? No.What if we suppose only that A ∩ B is �nite for all A,B ∈ A?Why not?!But how...
D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 5 / 22



Disjoint and almost disjoint familiesThere is an in�nite family A of pairwise disjoint in�nite sets in N:Ai = {pki : k ∈ N} where pi is the ith prime.Are there unountably many? No.What if we suppose only that A ∩ B is �nite for all A,B ∈ A?Why not?!But how...
D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 5 / 22



Disjoint and almost disjoint familiesThere is an in�nite family A of pairwise disjoint in�nite sets in N:Ai = {pki : k ∈ N} where pi is the ith prime.Are there unountably many? No.What if we suppose only that A ∩ B is �nite for all A,B ∈ A?Why not?!But how...
D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 5 / 22



Disjoint and almost disjoint familiesThere is an in�nite family A of pairwise disjoint in�nite sets in N:Ai = {pki : k ∈ N} where pi is the ith prime.Are there unountably many? No.What if we suppose only that A ∩ B is �nite for all A,B ∈ A?Why not?!But how...
D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 5 / 22



Disjoint and almost disjoint familiesThere is an in�nite family A of pairwise disjoint in�nite sets in N:Ai = {pki : k ∈ N} where pi is the ith prime.Are there unountably many? No.What if we suppose only that A ∩ B is �nite for all A,B ∈ A?Why not?!But how...
D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 5 / 22



Disjoint and almost disjoint familiesThere is an in�nite family A of pairwise disjoint in�nite sets in N:Ai = {pki : k ∈ N} where pi is the ith prime.Are there unountably many? No.What if we suppose only that A ∩ B is �nite for all A,B ∈ A?Why not?!But how...
D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 5 / 22



Disjoint and almost disjoint familiesThere is an in�nite family A of pairwise disjoint in�nite sets in N:Ai = {pki : k ∈ N} where pi is the ith prime.Are there unountably many? No.What if we suppose only that A ∩ B is �nite for all A,B ∈ A?Why not?!But how...
D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 5 / 22



Disjoint and almost disjoint familiesThere is an in�nite family A of pairwise disjoint in�nite sets in N:Ai = {pki : k ∈ N} where pi is the ith prime.Are there unountably many? No.What if we suppose only that A ∩ B is �nite for all A,B ∈ A?Why not?!But how...
D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 5 / 22



Unountable almost disjoint families
A is almost disjoint if A ∩ B is �nite for all A,B ∈ A.Hint: we an look at Q instead of N:let Ax ⊆ Q be a onvergent sequene with limit x for eah x ∈ R,
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Degrees of disjointnessDe�nitionA family A is n-almost disjoint i� A ∩ B has size < n for all A,B ∈ A.Are there unountable n-almost disjoint families in N?De�nitionA family A is essentially disjoint i� there are �nite FA ⊆ A suh that
{A \ FA : A ∈ A} is pairwise disjoint.There are no unountable essentially disjoint families in N.D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 7 / 22
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Essentially disjoint families
A is essentially disjoint i� there are �nite FA ⊆ A suh that {A \ FA : A ∈ A} ispairwise disjoint..

essentially disjoint and n-almost disjoint implies almost disjoint,Theorem (P. Komjáth, 1984)Every n-almost disjoint family A is essentially disjoint (for any n ∈ N).if A is ountable then easy: FAj = Aj ∩⋃i<j Ai for j ∈ N,if A is unountable... one has to be smart about the enumeration.D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 8 / 22
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A famous open problem
We have no real reursive onstrutions for almost disjoint families.Problem (J. Steprans)Is there an almost disjoint family A on N suh that for every f : Q → Nthere is A ∈ A with f −1(A) somewhere dense?Yes, if CH holds.

D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 9 / 22



A famous open problem
We have no real reursive onstrutions for almost disjoint families.Problem (J. Steprans)Is there an almost disjoint family A on N suh that for every f : Q → Nthere is A ∈ A with f −1(A) somewhere dense?Yes, if CH holds.

D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 9 / 22



A famous open problem
We have no real reursive onstrutions for almost disjoint families.Problem (J. Steprans)Is there an almost disjoint family A on N suh that for every f : Q → Nthere is A ∈ A with f −1(A) somewhere dense?Yes, if CH holds.

D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 9 / 22



A famous open problem
We have no real reursive onstrutions for almost disjoint families.Problem (J. Steprans)Is there an almost disjoint family A on N suh that for every f : Q → Nthere is A ∈ A with f −1(A) somewhere dense?Yes, if CH holds.

D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 9 / 22



The hromati number
De�nitionThe hromati number of a graph G, denoted by Chr(G ), is the leastnumber κ suh that the verties of G an be overed by κ manyindependent sets.How does large hromati number a�et the subgraph struture?
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The �rst results
W. Tutte, 1954: There are
△-free graphs of arbitrary large�nite hromati number.P. Erd®s, 1959: There aregraphs with arbitrary largegirth and �nite hromatinumber.D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 11 / 22
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Unountable hromati numberWhat graphs must our as subgraph of unountably hromati graphs?P. Erd®s, R. Rado, 1959:There are △-free graphs withsize and hromati number κfor eah in�nite κ.P. Erd®s, A. Hajnal, 1966:If Chr(G ) is unountable thenKn,n embeds into G for eahn ∈ ω.In partiular, yles of length 4embed into G .D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 12 / 22
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Chromati number and onnetivity[P. Erd®s, A. Hajnal, 1966℄ Kn,n embeds into G if Chr(G ) is unountable.
Kn,n is n-onneted, hene the question: suppose that Chr(G ) isunountable, is there1 an in�nitely onneted subgraph?2 an n-onneted subgraph with unountable hromati number?
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Chromati number and onnetivityGiven that G has large hromati number, are there highly onneted subgraphswith large hromati number?We don't know if one an always �nd in�nitely onnetedsubgraphs.[P. Komjáth, 1986℄If Chr(G ) is unountable thenthere is an n-onnetedsubgraph of G withunountable hromatinumber for eah n ∈ ω.D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 14 / 22
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Clouds above the plane
We will over the plane R2 with seemingly small sets.De�nitionA set A ⊆ R2 is a loud around a point a ∈ R2 i� A intersets every lineL through a in a �nite set.How many louds an over the plane?
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How many louds?A set A ⊆ R2 is a loud around a point a ∈ R2 i� A ∩ L is �nite for every line Lthrough a.One or two louds maybe? No.
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Three louds maybe?We don't have the same problem:
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Three louds may over the plane
Theorem (P. Komjáth, 2001)The following are equivalent:1 the plane is overed by three louds,2 the Continuum Hypothesis is true.
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Why three??Three louds over the plane i� CH holds.CH: the ontinuum is the �rst suessor of |N|.Theorem (P. Komjáth, 2001; J. Shmerl, 2003)The following are equivalent:1 the plane is overed by n + 2 louds,2 the ontinuum is the ≤ nth suessor of |N|.Applying Davies-trees in the proof explains the n+2.D. T. Soukup (U of T) Davies-trees in in�nite ombinatoris UTM 2014 20 / 22
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An open problem
A subset A ⊆ R2 is a star if there is a point a ∈ R2 suh that everyline L through a intersets A in an interval ontaining a.Problem (J. Ginsburg, V. Linek)Can we over R2 with three stars?Yes, if CH holds (as every loud is overed by a star).
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Thank you very muh for your attention!
�The in�nite we do now, the �nitewill have to wait a little.�P. Erd®s
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