
Trees, ladders and graphsDániel T. SoukupUniversity of TorontoFields, September 19 2014
D. T. Soukup (U of T) Trees, ladders and graphs Fields 2014 1 / 10



Topi
s - an informal overview

D. T. Soukup (U of T) Trees, ladders and graphs Fields 2014 2 / 10



Topi
s - an informal overview

D. T. Soukup (U of T) Trees, ladders and graphs Fields 2014 2 / 10



Topi
s - an informal overview

D. T. Soukup (U of T) Trees, ladders and graphs Fields 2014 2 / 10



Topi
s - an informal overview

D. T. Soukup (U of T) Trees, ladders and graphs Fields 2014 2 / 10



The general problem
De�nitionThe 
hromati
 number of a graph G, denoted by Chr(G ), is the least(
ardinal) number κ su
h that the verti
es of G 
an be 
overed by κmany independent sets.How does large 
hromati
 number a�e
t the subgraph stru
ture?
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The �rst results
Tutte, 1954: There are △-freegraphs of arbitrary large �nite
hromati
 number.Erd®s, 1959: There are graphswith arbitrary large girth and�nite 
hromati
 number.
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Un
ountable 
hromati
 numberWhat graphs must o

ur as subgraph of un
ountably 
hromati
 graphs?
Erd®s-Rado, 1959: There are
△-free graphs with size and
hromati
 number κ for ea
hin�nite κ.Erd®s-Hajnal, 1966:If Chr(G ) > ω then Kn,ω1embeds into G for ea
h n ∈ ω.In parti
ular, 
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Chromati
 number and 
onne
tivity[Erd®s, Hajnal, 1966℄ Kn,ω1 embeds into G if Chr(G ) > ω.Kn,ω1 is n-
onne
ted, hen
e the question: suppose that Chr(G ) > ω, is ittrue thatthere is an n-
onne
ted un
ountably 
hromati
 subgraph?there is an in�nitely 
onne
ted un
ountably 
hromati
 subgraph?[Erd®s-Hajnal, 1966℄ Suppose |G | = Chr(G ) = ω1. Is there anin�nitely 
onne
ted un
ountably 
hromati
 subgraph of G?[Erd®s-Hajnal, 1985℄ Suppose Chr(G ) = ω1. Is there an in�nitely
onne
ted un
ountably 
hromati
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The answers - 
ontinuedQuestion from [Erd®s-Hajnal, 1966℄: independent.Question from [Erd®s-Hajnal, 1985℄: 
onsistently no.Theorem (D.S. 2014)There is a graph of 
hromati
 number ω1 and size 
ontinuum withoutun
ountable in�nitely 
onne
ted subgraphs.Question from [Erd®s-Hajnal, 1985℄: no in ZFC.
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Same te
hnique - di�erent problem
Another obligatory graph from [Hajnal-Komjáth, 1984℄:If Chr(G ) > ω then Hω,ω+1 embeds into G .Under CH, there is a △-free graph of 
hromati
 number ω1without a 
opy of Hω,ω+2.Theorem (D.S. 2014)There is a △-free graph of 
hromati
 number ω1 and size 
ontinuumwithout a 
opy of Hω,ω+2.
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Let's do some set theory!
�The in�nite we do now, the �nitewill have to wait a little.�P. Erd®s
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