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The general problem

Definition

The chromatic number of a graph G, denoted by Chr(G), is the least
(cardinal) number k such that the vertices of G can be covered by k
many independent sets.
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The general problem

Definition

The chromatic number of a graph G, denoted by Chr(G), is the least
(cardinal) number k such that the vertices of G can be covered by k

many independent sets.

How does large chromatic number affect the subgraph structure?
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The first results

o Tutte, 1954: There are /\-free
graphs of arbitrary large finite /
chromatic number. }
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Two giants of combinatorics share a passion: Erd8s and William T. Tutte
play “Go” at Tutte’s home in Westmontrose, Ontario, 1985, Another favorite
game of Erd6s’s was Ping-Pong.
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The first results

o Tutte, 1954: There are /\-free
graphs of arbitrary large finite /
chromatic number. }

@ Erdds, 1959: There are graphs
with arbitrary large girth and
fl n |te Ch rom atiC num ber. Two giants of combinatorics share a passion: Erds and William T. Tutte

play “Go” at Tutte’s home in Westmontrose, Ontario, 1985, Another favorite
game of Erd6s’s was Ping-Pong.
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Uncountable chromatic number

What graphs must occur as subgraph of uncountably chromatic graphs?
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Uncountable chromatic number

What graphs must occur as subgraph of uncountably chromatic graphs?

o Erd6s-Rado, 1959: There are
/\-free graphs with size and
chromatic number x for each
infinite .
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Uncountable chromatic number

What graphs must occur as subgraph of uncountably chromatic graphs?

o Erd6s-Rado, 1959: There are
/\-free graphs with size and
chromatic number x for each
infinite .

o Erdds-Hajnal, 1966:
If Chr(G) > w then K, .,
embeds into G for each n € w.
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Uncountable chromatic number

What graphs must occur as subgraph of uncountably chromatic graphs?

o Erd6s-Rado, 1959: There are
/\-free graphs with size and
chromatic number x for each
infinite .

o Erdds-Hajnal, 1966:
If Chr(G) > w then K, .,
embeds into G for each n € w.

In particular, cyles of length 4
embed into G.
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Chromatic number and connectivity

[Erdés, Hajnal, 1966] K, .,, embeds into G if Chr(G) > w.
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[Erdés, Hajnal, 1966] K, .,, embeds into G if Chr(G) > w.

Knw, is n-connected,
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@ there is an n-connected uncountably chromatic subgraph?
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Chromatic number and connectivity

[Erdés, Hajnal, 1966] K, .,, embeds into G if Chr(G) > w.

Knw, is n-connected, hence the question: suppose that Chr(G) > w, is it
true that

@ there is an n-connected uncountably chromatic subgraph?

@ there is an infinitely connected uncountably chromatic subgraph?
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Chromatic number and connectivity

[Erdés, Hajnal, 1966] K, .,, embeds into G if Chr(G) > w.

Knw, is n-connected, hence the question: suppose that Chr(G) > w, is it
true that

@ there is an n-connected uncountably chromatic subgraph?
@ there is an infinitely connected uncountably chromatic subgraph?

o [Erdds-Hajnal, 1966] Suppose |G| = Chr(G) = w;. Is there an
infinitely connected uncountably chromatic subgraph of G?
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Chromatic number and connectivity

[Erdés, Hajnal, 1966] K, .,, embeds into G if Chr(G) > w.

Knw, is n-connected, hence the question: suppose that Chr(G) > w, is it
true that
@ there is an n-connected uncountably chromatic subgraph?

@ there is an infinitely connected uncountably chromatic subgraph?

o [Erdds-Hajnal, 1966] Suppose |G| = Chr(G) = w;. Is there an
infinitely connected uncountably chromatic subgraph of G?

o [Erdds-Hajnal, 1985] Suppose Chr(G) = wy. Is there an infinitely
connected uncountably chromatic subgraph of G?
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The answers

o [Komjath, 1986]
If Chr(G) > w then there is an
n-connected uncountably
chromatic subgraph of G
for each n € w.
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The answers

o [Komjath, 1986]
If Chr(G) > w then there is an
n-connected uncountably
chromatic subgraph of G
for each n € w.

o [Komjath, 1988] Under PFA, if |G| = Chr(G) = w; then
G has an infinitely connected uncountably chromatic subgraph.
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The answers

o [Komjath, 1986]
If Chr(G) > w then there is an
n-connected uncountably
chromatic subgraph of G
for each n € w.

o [Komjath, 1988] Under PFA, if |G| = Chr(G) = w; then
G has an infinitely connected uncountably chromatic subgraph.

o [Komjath, 1988-2013] Consistently, there is a graph
|G| = Chr(G) = w; such that there is no infinitely connected
uncountably chromatic subgraphs of G.
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@ Question from [Erd&s-Hajnal, 1966]: independent. v
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The answers - continued

@ Question from [Erd&s-Hajnal, 1966]: independent. v

@ Question from [Erd6s-Hajnal, 1985]: consistently no.
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The answers - continued

@ Question from [Erd&s-Hajnal, 1966]: independent. v

@ Question from [Erd6s-Hajnal, 1985]: consistently no.

Theorem (D.S. 2014)

There is a graph of chromatic number wy and size continuum without
uncountable infinitely connected subgraphs.

D. T. Soukup (U of T) Trees, ladders and graphs Fields 2014 8 /10



The answers - continued

@ Question from [Erd&s-Hajnal, 1966]: independent. v

@ Question from [Erd6s-Hajnal, 1985]: consistently no.

Theorem (D.S. 2014)

There is a graph of chromatic number wy and size continuum without
uncountable infinitely connected subgraphs.

@ Question from [Erd&s-Hajnal, 1985]: no in ZFC. v/
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Same technique - different problem
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Same technique - different problem

Another obligatory graph from [Hajnal-Komjath, 1984]:
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Same technique - different problem

Another obligatory graph from [Hajnal-Komjath, 1984]:
o If Chr(G) > w then H, 11 embeds into G.
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Same technique - different problem

Another obligatory graph from [Hajnal-Komjath, 1984]:
o If Chr(G) > w then H, 11 embeds into G.

@ Under CH, there is a A-free graph of chromatic number w,
without a copy of H, ..
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Same technique - different problem

Another obligatory graph from [Hajnal-Komjath, 1984]:
o If Chr(G) > w then H, 11 embeds into G.

@ Under CH, there is a A-free graph of chromatic number w,
without a copy of H, ..

Theorem (D.S. 2014)

There is a \-free graph of chromatic number w; and size continuum
without a copy of H, 2.
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Let's do some set theory!

“The infinite we do now, the finite
will have to wait a little.”

P. Erdés

D. T. Soukup (U of T) Trees, ladders and graphs Fields 2014 10 / 10



