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Introdution

Goal: present a seletion of hromati number problems on

unountable graphs.

some very good surveys: P. Komjáth, S. Todorevi...

historial and personal reasons,

minimal struture

easily aessible problems,

great for understanding the limitations of ertain tehniques.

I reeived kind support and advie from several people: I. Juhász, P.

Komjáth, L. Soukup, J. Steprans, S. Todorevi, the Cambridge Phil. So.

Dániel Soukup (Rényi) Problems on unountable graphs Norwih 2015 2 / 23



Introdution

Goal: present a seletion of hromati number problems on

unountable graphs.

some very good surveys: P. Komjáth, S. Todorevi...

historial and personal reasons,

minimal struture

easily aessible problems,

great for understanding the limitations of ertain tehniques.

I reeived kind support and advie from several people: I. Juhász, P.

Komjáth, L. Soukup, J. Steprans, S. Todorevi, the Cambridge Phil. So.

Dániel Soukup (Rényi) Problems on unountable graphs Norwih 2015 2 / 23



Introdution

Goal: present a seletion of hromati number problems on

unountable graphs.

some very good surveys: P. Komjáth, S. Todorevi...

historial and personal reasons,

minimal struture

easily aessible problems,

great for understanding the limitations of ertain tehniques.

I reeived kind support and advie from several people: I. Juhász, P.

Komjáth, L. Soukup, J. Steprans, S. Todorevi, the Cambridge Phil. So.

Dániel Soukup (Rényi) Problems on unountable graphs Norwih 2015 2 / 23



Introdution

Goal: present a seletion of hromati number problems on

unountable graphs.

some very good surveys: P. Komjáth, S. Todorevi...

historial and personal reasons,

minimal struture

easily aessible problems,

great for understanding the limitations of ertain tehniques.

I reeived kind support and advie from several people: I. Juhász, P.

Komjáth, L. Soukup, J. Steprans, S. Todorevi, the Cambridge Phil. So.

Dániel Soukup (Rényi) Problems on unountable graphs Norwih 2015 2 / 23



Introdution

Goal: present a seletion of hromati number problems on

unountable graphs.

some very good surveys: P. Komjáth, S. Todorevi...

historial and personal reasons,

minimal struture

easily aessible problems,

great for understanding the limitations of ertain tehniques.

I reeived kind support and advie from several people: I. Juhász, P.

Komjáth, L. Soukup, J. Steprans, S. Todorevi, the Cambridge Phil. So.

Dániel Soukup (Rényi) Problems on unountable graphs Norwih 2015 2 / 23



Introdution

Goal: present a seletion of hromati number problems on

unountable graphs.

some very good surveys: P. Komjáth, S. Todorevi...

historial and personal reasons,

minimal struture

easily aessible problems,

great for understanding the limitations of ertain tehniques.

I reeived kind support and advie from several people: I. Juhász, P.

Komjáth, L. Soukup, J. Steprans, S. Todorevi, the Cambridge Phil. So.

Dániel Soukup (Rényi) Problems on unountable graphs Norwih 2015 2 / 23



Introdution

Goal: present a seletion of hromati number problems on

unountable graphs.

some very good surveys: P. Komjáth, S. Todorevi...

historial and personal reasons,

minimal struture

easily aessible problems,

great for understanding the limitations of ertain tehniques.

I reeived kind support and advie from several people: I. Juhász, P.

Komjáth, L. Soukup, J. Steprans, S. Todorevi, the Cambridge Phil. So.

Dániel Soukup (Rényi) Problems on unountable graphs Norwih 2015 2 / 23



What is the hromati number?

De�nition

The hromati number of a graph G , denoted by Chr(G ), is the least

ardinal κ suh that the verties of G an be overed by κ many

independent sets.

How does large hromati number

a�et the subgraph struture?

[Galvin, Komjáth 1991℄:

∀G ∃Chr(G ) ⇔ AC
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The �rst results

Tutte, 1954: There are △-free

graphs of arbitrary large �nite

hromati number.

Erd®s, 1959: There are graphs

with arbitrary large girth and

arbitrary large �nite

hromati number.
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Obligatory subgraphs

What graphs must our as subgraphs of unountably hromati graphs?

Erd®s-Rado, 1959: There are

△-free graphs with size and

hromati number κ for eah

in�nite κ.

Erd®s-Hajnal, 1966:

If Chr(G ) > ω then Kn,ω
1

embeds into G for eah n ∈ ω.

In partiular, any �nite bipartite

graph embeds into G .
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Further �nite obligatory subgraphs...

What �nite graphs must our as subgraphs of unountably hromati graphs?

Erd®s-Hajnal, 1966: For any n ∈ N

there is a graph G with Chr(G ) = ω
1

suh that G does not ontain odd

yles of length < n.

Erd®s et al, Thomassen 1983: If

Chr(G ) > ω then there is an n ∈ ω

suh that any odd yle of length

bigger than n embeds into G .

The �nite obligatory graphs are exatly the

�nite bipartite graphs.
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Countable obligatory subgraphs

Can we lassify ountable obligatory subgraphs?

Hajnal-Komjáth, 1984: Hω,ω+1

embeds into G if Chr(G ) > ω but

Kω,ω an be avoided.

Problem

Is there a universal ountable obligatory graph H∗
for graphs G with

Chr(G ) = ω
1

?

There is a universal ountable obligatory graph

for graphs G with Col(G ) = ω
1

.
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Chromati number and onnetivity

A set A in graph is in�nitely onneted i� A is in�nite and A \F is onneted for

all �nite F ⊆ A.

[Erd®s-Hajnal, 1966, 1985. . . ℄ Does every graph G with unountable

hromati number ontain in�nitely onneted subgraphs with

unountable hromati number?

Komjáth, 1988: It is independent

of ZFC if every graph G with

|G | = Chr(G ) = ω
1

ontains an

in�nitely onneted unountably

hromati subgraph.
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Chromati number and onnetivity

Erd®s-Hajnal, 1985: What about graphs with Chr(G) = ω
1

(no size restrition)?

Theorem (D.S. 2015)

There is (in ZFC) a graph of hromati number ω
1

and size ontinuum

without unountable in�nitely onneted subgraphs.

the hromati number and ardinality are best possible,

sparse triangle-free graphs with unountable hromati number an

be produed with the same mahinery.
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A few words about the proof

onsider the omparability graph of a non-speial tree without

unountable hains.

thin out the edges to have no

unountable in�nitely onneted

subgraph:

use a ladder system on the tree;

how to make sure that the hromati

number is still large?

a diagonalization of length

ontinuum through ountable

elementary submodels.
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a diagonalization of length

ontinuum through ountable

elementary submodels.

T

b
b
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Chromati number and onnetivity

What is left to do?

Problem [Erd®s℄

Is there a graph G with hromati number ω
1

without non empty

in�nitely onneted subgraphs?

My example is full of ountably in�nite omplete subgraphs.

Can we �nd a triangle-free subgraph at least?
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More on triangle-free subgraphs

How ommon are the triangle-free graphs with large hromati number?

Conjeture [Erd®s℄

Every graph G with Chr(G ) = ω
1

ontains

a subgraph H with Chr(H) = ω
1

without triangles.

Komjáth, Shelah 1988: onsistently no.

There is G with size and hromati number ω
1

suh that

any subgraph H with Chr(H) = ω
1

ontains a opy of Kω.

There is a K
4

-free G with size and hromati number ω
1

suh that

any subgraph H with Chr(H) = ω
1

ontains a triangle.
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More on triangle-free subgraphs

Both examples are introdued by

lassial iterated forings:

Step 1: fore a generi graph

(either with �nite or ountable

approximations),

Step 2: do an iteration to introdue ω-partitions of triangle-free

subgraphs into independent sets (FSI or CSI respetively),

Step 3: show that this works (also note the value of c)...

What strutural requirements imply the lak of large ∆-free subgraphs??

It would be interesting to see more onstrutive examples,

e.g. from ♦ and in ZFC???
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Finding ommon subgraphs

Any two graphs G
0

,G
1

with unountable hromati number ontain a

ommon 3-hromati subgraph.

Problem [Erd®s℄

Does every two graphs G
0

,G
1

with unountable hromati number ontain

a ommon 4-hromati subgraph? Is there a ommon ω-hromati

subgraph?
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Common subgraphs and produts

The produt G
0

×G
1

of G
0

= (V
0

,E
0

) and
G
1

= (V
1

,E
1

) has verties V
0

× V
1

and

edges {(x , y), (x ′, y ′)} where {x , x ′} ∈ E
0

and {y , y ′} ∈ E
1

.

If H →֒ G
0

,G
1

then H →֒ G
0

× G
1

as well.

There are graphs G
0

and G
1

with hromati number ω
1

suh that

Chr(G
0

× G
1

) ≤ ω (see Hedetniemi's onjeture).

These graphs have no ommon ω
1

-hromati subgraph.
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More on ommon subgraphs and produts

Problem [Hajnal, L. Soukup℄

Is there a graph G suh that Chr(G ) = Chr(GC ) = ω
1

but

Chr(G × GC ) ≤ ω?

Is there always a ommon ω
1

-hromati subgraph of G and GC

provided Chr(G ) = Chr(GC ) = ω
1

?

Problem

Construt G
0

and G
1

suh that Chr(G
0

× G
1

) = ω
1

but

G
0

and G
1

has no ommon ω
1

-hromati subgraphs.
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Smooth graphs

G is non trivial i� Kω
1

does not embed into G and GC
.

G is almost smooth i� G [W ] is isomorphi to G whenever |V \W | < |V |.

Problem [Kierstead, Nyikos 1989℄

Is there a non trivial almost smooth (hyper)graph G?

Hajnal, Nagy, L. Soukup 1990: onsistently yes.

under CH, or

onsistently with MA.

Is there a non trivial almost smooth (hyper)graph G in ZFC?
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More on smooth graphs

G on ω
1

is κ-smooth i� for every unountable W ⊆ ω
1

there is a

|W ′| ≤ κ suh that G [W \W ′] is isomorphi to G .

Problem [L. Soukup 1997℄

Is there a nontrivial ω-smooth or ω
1

-smooth graph G?

It is independent whether there is a nontrivial < ω-smooth graph:

No, if ω
1

< s or 2

ω < 2

ω
1

or in V Cω
2

.

Yes, suh graphs an be fored: add a generi graph + add

isomorphisms.
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Anti-Ramsey results for graphs

What do you need for Ramsey's theorem to fail?

Todorevi proved that ω
1

6→ [ω
1

]2
ω
1

i.e. we an olour the edges of Kω
1

suh that every olour appears on every unountable indued

subgraph.

Conjeture [Erd®s, Galvin, Hajnal 1975℄

Suppose that G = (V ,E ) is an ω
1

-hromati graph. Then there is a

olouring c : E → ω
1

suh that for every V =
⋃

i∈ω
Vi there is i < ω suh

that F assumes all values on G [Vi ].
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Anti-Ramsey results for graphs

What do we know?

[Hajnal, Komjáth 2003℄ Yes if a single Cohen real is added.

♦+
implies the onjeture for graphs of size ω

1

in a strong sense:

there is a olouring suh that every olour appears on every

subgraph with hromati number ω
1

.

Consistently, there is a graph suh that every olouring is

onstant on an unountably hromati subgraph.
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Anti-Ramsey results for graphs - how to proeed?

Prove the (strong) onjeture for ertain lasses of graphs!

Let (T )2 = {{s, t} : s ≤ t ∈ T} for a tree T .

Conjeture

For every non speial tree T there is a olouring c : (T )2 → ω
1

suh that

c ′′(S)2 = ω
1

for every non speial subtree S .

This is true for non speial trees T if:

T is Souslin, or

if MA holds, |T | = 2

ω
and T has no unountable hains.
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Topis I should have mentioned...

inompatness of hromati number (see reently A. Rinot),

min{κ : ∀G(Chr(G) = ω
1

⇒ ∃H ∈ [G ]κChr(H) = ω
1

)} =???

theory of de�nable graphs (losed/open graphs);

Borel/analyti hromati number (S. Geshke, Kehris, S.

Todorevi, ...);

Find gaps, �nite maximal antihains, et. in (G,≺) where H ≺ G i�

there is no G → H homomorphism (N. Sauer, S. Shelah...);

problems on ountable graphs (e.g. R. Diestel and Hamburg shool).
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Thank you for your attention.

Any questions?
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