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Doctor of Philosophy
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2015

The aim of this thesis is to provide solutions to two old problems on infinite graphs. First, we
investigate vertex partitions of edge coloured complete graphs into monochromatic paths. Our main
result here is an answer to a question of R. Rado from 1978: we prove that every finite edge coloured
infinite complete graph can be partitioned into disjoint monochromatic paths of different colours. We
also show that analogous results hold for partitions into powers of paths and for hypergraphs in the
countably infinite case. Second, we turn to the theory of uncountably chromatic graphs and obligatory
subgraphs. We mainly focus on the question whether every graph with large chromatic number contains
highly connected subgraphs. With the aid of a special sequence of countable elementary submodels
(called Davies-trees or wi-approximation sequences), we present a new and highly simplified proof of
Komjéath’s theorem: every graph with uncountable chromatic number contains an n-connected subgraph
with uncountable chromatic number (for each n € N). We outline multiple new applications of Davies-
trees to combinatorial problems. Finally, our most important contribution to the theory is an answer
to a popular problem of A. Hajnal and P. Erdés from 1985: we construct a graph of chromatic number
wy without an uncountable infinitely connected subgraph. A general and rather flexible method is
introduced which uses ladder systems on non special trees in ZFC. This machinery is applied again to

present an example of a triangle-and H,, ,,+2-free graph with uncountable chromatic number.
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Chapter 1

Introduction

In Chapter 1, we present a detailed outline of the thesis followed by an introduction to our notations

and certain preliminary results.

1.1 An overview of the main results

The goal of this thesis is to investigate two topics on infinite graphs: path decompositions of edge
coloured complete graphs and the relations between having large chromatic number and connectivity.

The topic of path decompositions grew out of a paper of R. Rado [78] where he proved that for every
finite-edge colouring of the complete graph on N (denoted by Ky) the vertices can be partitioned into
disjoint monochromatic paths of different colours. In Chapter 2 and 3, we generalize Rado’s result in
multiple ways both on countable and uncountable vertex sets. The work in Chapter 2 was jointly done
with M. Elekes, L. Soukup and Z. Szentmikléssy and the results are currently submitted to Combinatorica
[14].

After an overview in Section 2.1 of the most important results preceding our work, we start by
investigating monochromatic path decompositions of edge-coloured complete uniform hypergraphs in

Section 2.2. Answering a question from [40], we prove

Theorem 2.2.2. Suppose that the edges of a countably infinite complete k-uniform hypergraph are
coloured with r colours. Then

(1) the vertex set can be partitioned into monochromatic finite or one-way infinite tight paths of
distinct colours,

(2) the vertex set can be partitioned into monochromatic tight cycles and two-way infinite tight paths

of distinct colours.

Erdds, Gyérfas and Pyber [19] conjectured that the vertices of every r-edge coloured finite complete
graph can be covered with r disjoint monochromatic cycles. This was recently disproved by Pokrovskiy
[77], however, the case k = 2 of Theorem 2.2.2(2) gives a positive answer for the infinite case.

Second, we turn to decompositions of edge-coloured copies of Ky into monochromatic k** powers of

paths. Our main result in Section 2.3 is

Theorem 2.3.6. For all positive natural numbers k,r and an r-edge colouring of Ky the vertices can

be covered by < r*=DrHL one-way infinite disjoint monochromatic k™ powers of paths and a finite set.
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In the case of k = r = 2, we have the following stronger result:

Theorem 2.3.7. Given an edge colouring of Ky with 2 colours, the vertices can be partitioned into <
4 monochromatic path-squares (that is, second powers of paths). Moreover, there is an edge colouring of

Ky with 2 colours such that the vertices cannot be covered by 8 monochromatic path-squares.

We introduce a two-player game & (H, W) on a graph H with parameters W C V(H) and k € N. A
winning strategy for Player II (Bob, in our case) will yield a cover of W by a k!"-power of a path. We
first find conditions on a set W that ensure that Player IT has a winning strategy in the game & (H, W)
(see Theorem 2.3.5) and then apply this result in the proofs of Theorem 2.3.6 and Theorem 2.3.7.

Finally, in Section 2.4, we mention some open problems and say a few words about non-complete
graphs: we prove a conjecture of A. Pokrovskiy [77] for the countably infinite balanced bipartite graph.

Chapter 3 is devoted to answering a question of R. Rado [78]. We show

Theorem 3.4.1. Suppose that ¢ is a finite-edge colouring of an infinite graph G = (V, E) which satisfies
{veV:{uv} ¢ E} <|V|

for all w € V. Then the vertices of G can be partitioned into disjoint monochromatic paths of different

colours.

In particular, Rado’s theorem extends to arbitrary infinite complete graphs. This theorem is proved
through a series of lemmas and theorems on finding monochromatic paths in certain classes of graphs.
We emphasize Lemma 3.1.8 from Section 3.1, where we show that any set of vertices A in a graph G
which satisfies three rather simple properties can be covered by a path. Next, we prove Lemma 3.2.8
and 3.2.13 which imply the existence of large sets satisfying all three conditions of Lemma 3.1.8; this is
achieved in Theorem 3.2.20 in Section 3.2. After further preparations in Section 3.3, the previous results

are finally put together in Section 3.4 in the proof of Theorem 3.4.1.

In Chapter 4 we turn to chromatic number problems. In general, we are interested in the question if
a graph with large chromatic number must have certain obligatory subgraphs. After presenting a short
history of this problem in Section 4.1, we outline the most fundamental results about obligatory sub-
graphs of graphs with uncountable chromatic number in Section 4.2. Here, we present highly simplified
proofs to several classical results using elementary submodels.

In Section 4.3, we generalize a result of P. Erdés and A. Hajnal [20] on paths and chromatic number

by proving the following results:
Corollary 4.3.4. Every graph G with Col(G) > w contains a path of order type £ for all & < w.

Theorem 4.3.10. Suppose that M A,, holds. Then every graph G with Chr(G) > w and size < K

contains a path of size w1.
However, the above cited theorem cannot be extended to graphs of size 2¢:

Corollary 4.3.8. There is a graph G of size 2¥ and chromatic number wy such that every path in G is

countable.

In Chapter 5, we turn to the question if graphs with uncountable chromatic number must contain

large highly connected subgraphs. This problem first appeared in [20] and received significant attention
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in the past [55, 57, 62, 22, 63, 61]. The main result of Chapter 5 is a new proof of the following theorem
of Komjath presented in Section 5.3:

Theorem 5.3.1 ([55]). Fvery uncountably chromatic graph G contains n-connected uncountably chro-

matic subgraphs for every n € N.

We use a special sequence of countable elementary submodels, called Davies-trees, in order to present
a highly simplified argument. We introduce the reader to Davies-trees in Section 5.2 and overview
previous applications. We finish Chapter 5 in Section 5.4 with further new applications of Davies-trees
to combinatorial problems.

In Chapter 6, the last chapter of the thesis, we answer an old problem of Erdés and Hajnal [22] by

proving:

Theorem 6.3.5. There is a graph X of size 2* and chromatic number wy such that X contains no

uncountable infinitely connected subsets.

The history of this problem is summarized in Section 5.1 and the above theorem is proved in Section
6.3 after preparations in Section 6.2. We will prove Theorem 6.3.5 by considering comparability graphs
of certain non special trees 7. That is, we look at the graph G(T') = (T, E) where {u,v} € E iff u <p v.
We show that there is a ladder system on our tree T' which gives a subgraph X of G(T') with the required
properties. While this particular technique seems to be new, similar methods appeared in many places;
we overview the literature in Section 6.1.

The techniques we apply in Chapter 6 turn out to be rather flexible. First, in Section 6.4 we
strengthen Theorem 6.3.5:

Theorem 6.4.3. There is a graph X of size 2* and chromatic number wy such that every uncountable

set of vertices A in X contains two vertices which are separated by a finite set in X.

Again, X is a carefully constructed subgraph of G(T') (where T is a non special tree) and now we
make sure that any two <p-incomparable points are separated by a finite set.

Second, we present a triangle free graph:

Theorem 6.5.5. There is a graph X of size 2* and chromatic number wy such that X contains no

triangles or copies of Hy o12.

As before, X is a subgraph of a comparability graph G(T') induced by a ladder system on 7. In
Theorem 6.5.5, we make sure that the graph X contains no cycles which are the union of two <p-
monotone paths which in turn ensures that X is triangle-and H,, .,42-free. We use the framework
developed by Hajnal and Komjéth [42].

Finally, in Section 6.6 and 6.7 we close with a few general remarks and problems about ladder

subgraphs of comparability graphs.

1.2 Notations

A graph is an ordered pair G = (V, E) so that E C [V]?; we will use the notation V(G), E(G) for the
vertices and edges of a graph G. A hypergraph is an ordered pair H = (V, E) so that E C P(V). We
say that a hypergraph H = (V, E) is k-uniform iff E C [V]*.
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For a graph G = (V, E) we write
Ng(w) ={weV :{v,w}eFE}

for v € V and
Ng[F] = {Nc(v) :v e F}

for FC V.

We say that H is a subgraph of G iff V(H) C V(G) and E(H) C E(G). Whenever we say that “a
graph G contains a graph H” we mean that H is a subgraph of G. Given W C V(G) we write G | W
for the induced subgraph on Win G ie. G | W = (W, P(W) N E(G)).

A set of vertices W in a graph G is said to be independent iff there is no edge e € E(G) with e C W.
A set of edges F' C E(G) in a graph G is said to be independent iff F' is a pairwise disjoint family as a
subset of [V]2.

An r-edge colouring of a graph G = (V, E) is a map ¢ : E — r where r is some cardinal. We write
c(v,w) instead of ¢({v,w}) for an edge {v,w} € E for obvious reasons. A finite edge colouring is an
r-edge colouring for some r € N. We will use the following notation: if we have a fixed edge colouring ¢
of a graph G = (V| E) then

Ng(v,i) = {w € Ng(v) : ¢(v,w) = i}

for v € V and
NglF,i] = [{Nc(v,i) : v e F}

for F CV and i € ranc. As we always work with a single colouring one at a time, this notation will
lead to no misunderstanding. If we work with a single graph then occasionally we omit the subscript G

as well.

Let us fix an edge colouring ¢ of G with r colours and ¢ < r. If P is a graph property (e.g. being a
path, being connected...) and A C V' then we say that

A has property P in colour i

with respect to c iff A has property P in the graph (V,c¢=1(i)). In particular, by a monochromatic path
in G we mean a subgraph P of (V,¢~1(i)) which is a path (for some i < 7).

Let x, A be ordinals. Let K,  denote the complete bipartite graph on classes of size k and A. We let
H, » denote the graph (k x {0} U x {1}, E) where

{(a,1),(B,j)} EE <= i=0,j=1land a <k, <A\ a.

H,, » is a bipartite graph and we call the set of vertices x x {0} in Hy, x the main class of H, x. If H
denotes a copy of Hy . then let H | a stand for H .. [ a x 2 for any o < &.

Throughout the thesis, we use standard set theoretic notations consistent with the literature, e.g.
[67].
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1.3 Infinite paths

A path in a graph G is a 1-1 sequence of vertices vg,v1,... such that {v;,v;41} € E(G). Let us recall
how R. Rado defined paths of arbitrary length.

Definition 1.3.1 (R. Rado, [78]). We say that a graph P is a path iff there is a well ordering <p on
V(P) such that
{w e Np(v) :w <p v} is <p -cofinal below v

for all v € V(P).

Observation 1.3.2. A graph P is a path witnessed by the well ordering <p iff for allv <p w € V(P)

there is a <p-monotone finite path from v to w.

In particular, two vertices are connected by a transfinite path if and only if they are connected by a
finite path.

We call the order type of (V(P),<p) above the order type of P. If P is a path of order type k then
we let P | « denote the unique initial segment of P of order type « (for any « < k). Similarly, if ¢ € P
thenlet P g=P [ {peV(P):p<pq}.

We will say that a path @ end extends the path P iff P C @, <l V(P) =<p and v <g w for all
veV(P),weV(Q)\V(P).

If R, S are two paths so that the first point of S has <pg-cofinally many neighbours in R then RU .S
is a path which end extends R and we denote this path by RS emphasizing this relation.

1.3.1 Paths and connectivity

It is not surprising that notions of connectivity are closely related to paths. Let us introduce some

terminology:

Definition 1.3.3. Let G = (V,E) be a graph, k a cardinal and let A C V. We say that A is
k-unseparable iff there are k-many pairwise disjoint finite paths in G between any two points of A.
We say that A is k-connected iff there are k-many pairwise disjoint finite paths in G | A between any

two points of A.
The following is obvious:

Observation 1.3.4. Every w-connected countable graph is a path of order type w. FEvery countable

w-unseparable set is covered by a path of order type < w.

The next lemma describes a method to find connected subsets of edge coloured graphs and was

essentially proved in [44].

Lemma 1.3.5. Suppose that G = (V, E) is a graph, A € [V]* and N¢[F] is infinite for oll F € [A]<%.
Given any edge colouring ¢ : E — r with r € w, there is a partition d. : V — r and a colour i, < r so
that

N[F,i]|NV;, is infinite for all i < r and finite set F C ANV; where V; = d_ *{i}.

In particular, ANV, is w-unseparable in colour i for all i < r and if V = A then V;, is w-connected

as well in colour i..
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Proof. Let U be a non-principal ultrafilter on V' with {Ng[F] : F € [A]<¥} C U. For i < r define
Vi={veV:Nwi) €U} eg. d.| V=i, and let i, be the unique element of {0,...,r — 1} with
Vi. € U. It is not hard to check that this works. O

The following was proved in [14]:

Lemma 1.3.6. Suppose that G = (V, E) is a countably infinite graph and c is an edge colouring. Suppose
that {C; : j < k} is a finite family of subsets of V' and that each C; is w-unseparable in some colour i;.
Moreover, for j <k let A; C C; be arbitrary subsets.

Then we can find disjoint sets P; so that

(a) Pj is a path (either finite or one-way infinite) in colour i; for all j <k,

(b) if A, is infinite then so is A; N P;,

(¢) ULP; :j <k} 5 ULC; + j < k).

Moreover, if a C; 1is infinite then we can choose the first point of P; freely from Cj.

Proof. Let vg,v1,... be a (possibly finite) enumeration of [ J{C; : j < k}.
For all the infinite C}, fix distinct x; € C; as starting points for the P;s. We define disjoint finite
paths {P}' : j < k} by induction on n € N so that

(i) Pj*is a path of colour 4; with first point z;,
(ii) Pj”Jr1 end extends P (as a path of colour i),
(iii) the last point of the path P}* is in Cj,
(iv) if A; is infinite then the last point of P™ is in Aj,
for all 7 < k, and
(v) if v, ¢ Uj<k Pf” and v, € C; then v, is the last point of PJ-Q"H.

It should be easy to carry out this induction applying that each A; is infinitely linked in colour ;.
Finally, we let P; = U{Pj" :n € N} for j < k which finishes the proof. O

The following, essentially proved in [78, Theorem 2], is now an immediate corollary:

Theorem 1.3.7. Suppose that G = (V, E) is a graph, A € [V]¥ and Ng[F] is infinite for oll F € [A]<%.
Then for any finite edge colouring of G we can cover A by finitely many disjoint monochromatic paths

of different colours.

Proof. Apply Lemma 1.3.5 to partition A into sets {A; : i < r} where A; is w-unseparable in colour i.

Now Lemma 1.3.6 provides the cover by disjoint monochromatic paths of different colours. O

This theorem provides an alternate proof to Rado’s result which was the starting point of our inves-

tigations.

Theorem 1.3.8 (R. Rado, [78]). Given a finite edge colouring of the graph Ky, the vertices can be

partition into disjoint paths of different colours.
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The following example shows that Observation 1.3.4 cannot be extended (word by word) to the

uncountable case.

Example 1.3.9. There is a graph G which contains no uncountable paths however Ng[F) is uncountable
for all finite F C V(G).

Proof. Take a partition of wy into uncountable sets Xp with F € [w1]<¥. Let G = (w1, E) with
E={a,B}:aeF,Be Xp\ (maxF +1),F € [w1]~“}.

It is clear that N¢g[F] is uncountable for all finite F' C V(G) and |Ng(o) Na| < w for all @ < wy.

The following observation leads to a contradiction if G' contains an uncountable path.

Observation 1.3.10. If a graph G = (w1, E) contains a path of size wy then there is a club C C wy so
that for all a € C there is f € C'\ o with

sup Ng(8) Na = a.

Indeed, take any countable elementary submodel M of H(ws) with G, P € M and let o denote the
< p-minimal element of P\ M. Note that M N P is an initial segment of P and o must be a < p-limit
in P. Hence, the infinite set N (o) N {€ € w1 : & <p a} is contained in M Nw; € a which finishes the
proof. O

However, every uncountable path contains large unseparable sets:

Observation 1.3.11. If P is a path of order type wy then {v € P: |[Np(v)| = w1} is wi-unseparable in
p.

To abbreviate the formulation of certain result we introduce the following notation.

Definition 1.3.12. Let G be a graph and § be a class of graphs. We write

G T (§)rm

if given any r-edge colouring ¢ : E(G) — r the vertex set of G can be partitioned into m monochromatic
elements of §.

We write

GC (@S-

if given any r-edge colouring ¢ : E(G) — r the vertex set of G can be partitioned into r monochromatic
elements of § in distinct colours.

In particular, G T (Path), m holds if given any r-edge colouring ¢ of G the vertex set of G can be
partitioned into m monochromatic paths.

We write C* instead of T if we can partition the vertex set apart from a finite set.

Using our new notation, Theorem 1.3.8 can be formulated as follows:

KN C (matba cee amatb)r-
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1.4 The chromatic number and colouring number

We say that f: V(G) — & is a good colouring of a graph G iff f~1(«) is independent for all a < k.

Definition 1.4.1. The chromatic number of a graph G, denoted by Chr(G) is the smallest cardinal

such that there is good colouring of G with Kk colours.
The following definition was introduced in [20]:

Definition 1.4.2. The colouring number of a graph G is the least cardinal p such that there is a well
ordering < of V(G) such that {v € Ng(w) : v < w} has size < p for all w € V(G).

An easy argument shows
Fact 1.4.3. If Col(G) = u then Chr(G) < p.

However, Col(K,, ) = p while Chr(K, ,) = 2 for each infinite p. Also, let us mention that one can
always find a well ordering of order type |V (G)| witnessing that G has colouring number Col(G) [20].

In Chapter 4, we look into the question if having large chromatic or colouring number implies that
the graph has certain obligatory subgraphs. While we will not deal with subtle differences between the
chromatic and colouring number, it is worth mentioning that these two graph parameters are surprisingly
different. An excellent example of this phenomena is a consequence of Shelah’s singular compactness

theorem:

Theorem 1.4.4 ([87, Conclusion 2.3.]). Suppose that |[V(G)| = XA > ¢f(\) and Col(G) > w. Then there
is a subgraph G’ of G of size < X\ such that Col(G') > w.

This theorem fails if one replaces colouring number by chromatic number (as shown by P. Komjath
[57] and S. Shelah [90]).

1.5 Trees

A set theoretic tree (T, <) is a partially ordered set such that
th={seT:s<t}

is well ordered for all t € T'. Note that this notion of a tree has little to do with graph theoretic trees
i.e. connected graphs without circles; in this paper, by a tree we will always mean a set theoretic tree.
Every tree admits a height function: ht(t) denotes the order type of t* for t € T. The height of the tree
T is sup{ht(t) : t € T'}.

Definition 1.5.1. Let G(T') denote the comparability graph of a tree T i.e. the set of vertices of G(T)
is T and {z,y} € [T)? is an edge iff * <y ory < z.

Note that A C T is independent in G(T') iff A is an antichain in T thus Chr(G(T)) < w iff T is a
special tree. We will be interested in constructing subgraphs of a graph G(T') in order to solve problems
concerning connectivity and chromatic number.

Our tools in Chapter 6 are based on certain non special trees T' (so Chr(G(T)) > w) which contain
no uncountable chains. An example of such a tree is any non-special Aronszajn tree however there are

examples purely in ZFC as well.
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Let 0Q = {s C Q: s is bounded and well ordered in Q} with s < ¢ iff s is an initial segment of t. cQ
was first studied by D. Kurepa in connection with Souslin’s problem [68]. It is clear that ¢Q contains

no chains of size w; and has size 2“ and height w;. Moreover
Theorem 1.5.2 ([68]). cQ is non special.

Hence Chr(G(0Q)) = w;.

Another classical example is defined as follows:
T(S)={tC S :tis closed}

with s < ¢ iff s is an initial segment of ¢t where S C w;. Note that T'(S) has height < wy, size < 2 and
contains no uncountable chains if S does not contain a club, i.e. S is costationary.

The importance of trees of the form T'(S) was realized by S. Todorcevic [98]. Todorcevic used the
trees T'(S) to define a family of continuums C(S) with fascinating properties. The tree T'(S) as a forcing
notion was first defined by Jensen (see the end of Section 9 in [99]) and also appears in [7, 11].

Trees of the form T'(S) have the following nice property: T'(S) has no branching at limit levels i.e.
t+ = st implies ¢t = s for all limit elements ¢, s € T(S). This is proved using that every element of T'(S)
is a closed subset of wy.

Let us cite some facts from [99]. Let T ® T” denote {(t,t') € T x T : ht(t¥) = ht(t'")} with the

pointwise ordering.
Theorem 1.5.3 ([99, Theorem 3.4]). (i) T(S) is special iff S is nonstationary in wi;
(i) T(S)®T(S') is special iff SN S’ is nonstationary in w;.

Hence, if S is stationary, costationary then 7'(.S) has chromatic number wq. A tree T is called Baire

iff the intersection of countably many dense final parts is still dense in 7.
Theorem 1.5.4 ([99, Theorem 3.7]). (i) T(S) is Baire iff S is stationary in wi;
(i) T(S)®T(S") is Baire iff SN S’ is stationary in w;.

Finally, different S C w; define rather different trees T'(S) and hence different comparability graphs.

The following was essentially proved in [99, Theorem 5.1]:

Theorem 1.5.5. Suppose that Sy, S1 C w1 and G; = G(T'(S;)) fori < 2. If there is a 1-1 homomorphism
f: Go — Gy then Sy \ S1 is nonstationary.

Proof. Suppose that Sy \ S; is stationary and take a countable elementary submodel M < H(ws2) so that
So,Sl,f eMandd=MnNuws € SO\Sl.

Claim 1.5.6. For every s € T(Sp) and € € wy there is s’ > s in T(Sy) such that max f(s"), max(s’) > e.

Indeed, note that G | {t € T'(S1) : max(¢) < €} has countable chromatic number and hence so does
Go | f~H{t € T(S1) : max(t) < e}. Hence

{s' €T (Sy): s >s,max(s') >e}\ fHt €T (S): max(t) <e} #0

as Go [ {s' € T(Sp) : ' > s, max(s’) > €} is not countably chromatic (as Sy is stationary).
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Now, apply the above claim inductively in M to find an increasing sequence {s,, : n € w} C T(Sp)NM
such that {f(s,) :n € w} CT(S1) N M is increasing as well and

sup{max(s,) : n € w} = sup{max f(s,) :n € w} = 4.

Let s = J{sn : n € w} U {0} and note that s € T(Sp). Let t = f(s) € T(S1) and note that t ¢ M as
s ¢ M and f~1{s} = {t}. Hence we have f(s,) C t for all n (as f preserves the edge relation) and hence
d €t astis closed in wy. However 0 ¢ Sy which contradicts ¢t € T'(S1).

O

We will use trees of the form T'(S) throughout Chapter 6.

We mention that the class of trees with no uncountable branches were studied in [13] more recently.

1.6 Elementary submodels

The first application of elementary submodels in combinatorial setting was most likely due to S. G. Simp-
son [92] from 1970 who presented a new proof to the classical Erdés-Rado partition relation. Simpson
already mentioned that “one can give similar proofs for several other known theorems of combinatorial
set theory ...”

The literature contains several well written introductions to (chains of) elementary submodels and
their applications in topology and combinatorics; see the papers [12, 30, 94|, the book [50] or the
presentation [95]. Nowadays every other proof in set theory and general topology uses elementary
submodels and we will hence assume basic familiarity with this tool. Nonetheless, we include a very
short, and over-simplified, introduction: we will work with elementary submodels M of H(O) (sets of
hereditary cardinality < © for some large enough cardinal ©). H(O) captures a large fragment of the
set theoretic universe (i.e. almost all of ZFC is satisfied) and M being an elementary submodel means
that a formula ¢ with parameters from M is true in M iff it is true in H(O).

How are elementary submodels useful? If a structure X of arbitrary size is intersected with say a
countable elementary submodel M so that X € M then the structure X N M will be very similar to X
but has countable size; we say that properties of & reflect to M N X. It is easy to imagine that such a
construction is useful in many situations.

Why are there always elementary submodels which have all the parameters we need for a certain
proof? The downward Léwenheim-Skolem theorem says that whenever A C H(O) is countable then
we can find a countable elementary submodel M of H(®) so that A C M. i.e. M contains everything

relevant to our particular situation. We regularly use the following

Fact 1.6.1. Suppose that M is an elementary submodel of H(®) and X € M. If X is countable then
X C M or equivalently, if X \ M is non-empty then X is uncountable.

In Chapter 3, we make use of the following

Definition 1.6.2. A nice k-chain of elementary submodels is an increasing sequence (Ma)a@f(,i) of

elementary submodels of H(O) (for some large enough cardinal ©) with |My| = ko so that My =0 and
1. Kot1 1S a subset and element of My41,

2. M, is a subset and element of Mg if o < 8 < cf(k),
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3. Mg =U{M, : a < B} for any limit 8 < cf(k),

4. if & is a limit cardinal then (Ko)a<cp(x) Strictly increases to k and cf(kat1) = Kat1 for every

a <cf(k),
5. if k is reqular then My, Nk € K, if kK = AT then ko = X for all a < k.

Observation 1.6.3. Let G = (V,E) be a graph and A C'V k-unseparable. Suppose that (Ma)a<cf(x)
is a nice k-chain of elementary submodels covering A so that A;G € My. Then AN (Myy1 \ My) is
| Ma1]-unseparable in VN (Myg1 \ My) for all o < cf (k).

Proof. Fix o < c¢f(r) and two vertices u,v € AN (May1\ My). As Moy1 = Ais k) -unseparable, we
can find a /i;rﬂ—sequence P € M4 of disjoint finite path from u to v. As M, € My41 and [M,| < n;rﬂ,

we can suppose that each path in P is disjoint from M,. Now, using kq4+1 € My+1, we have that
ran(P | ka+1) € May1.

As each path in P is finite, we actually have Q C VN (My41 \ M,,) for Q € P | Ko+1 which finishes the
proof. O

In Chapter 5, we use special sequences of countable elementary submodels called Davies-trees or

wi-approximation sequences; we postpone the definition to Section 5.2.



Chapter 2

Path decompositions of countable

graphs and hypergraphs

2.1 A short history of path decomposition problems
P. Erdés proved the following result in the 70’s ':

Theorem 2.1.1 (Erdés [78, Theorem 1]). Every 2-edge coloured copy of the complete graph on N can

be partitioned into two monochromatic paths of different colours.
In 1978, R. Rado generalized Erdés’s argument in the following way:

Theorem 2.1.2 ([78, Theorem 2]). Suppose that G = (V, E) is an infinite directed graph, A € [V]=*
and {y € V : (z,y) ¢ E}| < |V| for every x € A. Then given any edge colouring ¢ of G there is
J Cran(c) and disjoint 1-1 sequences of points {xz;(v) : v <m;} for j € J such that

1. mj 1is either finite and odd or m; = w,
2. A is covered by U;c ;{z;(v) : v <m;}, and

3. ifj € J and v < mj is odd then
(z(v = 1), 2;(v)), (2 (v + 1), 2;(v)) € c(j).-

The following theorem is an easy corollary now:

Theorem 2.1.3 ([78]). If the edges of the complete graph on N are coloured with finitely many colours

then the vertices can be partitioned into disjoint monochromatic paths of different colours.

This result was the starting point of several papers in the past which dealt with the same problem
either on finite or countably infinite graphs. It is an easy exercise to prove Theorem 2.1.1 for finite

complete graphs. Also, there are examples due to K. Heinrich? of r-edge coloured finite complete graphs

I Appeared in [78] through private communication with R. Rado.
2Private communication with A. Gyérfas [36]

12
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which cannot be partitioned into » monochromatic paths of different colours. Hence Theorem 2.1.3 does
not extend to the finite case word by word.

In [34], Gyérfas looked at the path decomposition question from an algorithmic viewpoint. Given a
2-edge coloured copy of K,,, one can find (1) a Hamiltonian cycle which is the union of a red and blue
path, or (2) a cover of K,, by a red cycle and a blue cycle with at most one common vertex, both in
O(n) steps.

The question if Theorem 2.1.3 extends to finite complete graphs was first asked by Gyérfas [35] in
1989; in the same paper, he presents the bound

fr) = 27"2(<T;F 1) 1) +1
for the number of monochromatic paths needed to cover an r-edge coloured finite complete graph.

In the meanwhile, there was significant work done in order to prove a closely related conjecture due
to Lehel (first reference in [3]): every two edge coloured finite complete graph can be partitioned into
two disjoint cycles of different colours. Lehel’s conjecture was justified for graphs of large order by T.
Luczak et al. [69] in 1998 and a complete solution was provided by S. Bessy and S. Thomassé [8] in
2010.

The monochromatic cycle partition problem on finite complete graphs was studied for more colours
as well in several papers [19, 46, 38]. In [19], P. Erdés, A. Gyarfis and L. Pyber made the following
conjecture: every r-edge coloured finite complete graph can be partitioned into r disjoint monochromatic

cycles. The currently known strongest positive result is the following

Theorem 2.1.4 ([38]). For every integer r > 2 there is no(r) € N such that if n > ng(r) then every

r-edge coloured copy of K, can be partitioned into at most 100rlog(r) monochromatic cycles.
However, recently A. Pokrovskiy [77] proved

Theorem 2.1.5 ([77, Theorem 1.4]). Suppose that r > 3. There are infinitely many r-edge coloured

finite complete graphs which cannot be partitioned into v disjoint monochromatic cycles.

However, an infinite version of the Erdés-Gyarfds-Pyber conjecture is true (see Theorem 2.2.2(2)).

Also, the following version of the Erd&s-Gyarfas-Pyber conjecture could still be true:
Conjecture 2.1.6. Every r-edge coloured finite complete graph is covered by r monochromatic cycles.

Let us return to the question of finding path decompositions of finite complete graphs. In general,
Theorem 2.1.4 gives the best known bound for the number of paths needed in a monochromatic path

partition. For a small number of colours r other than 2, the only result we have is the recent

Theorem 2.1.7 ([77, Theorem 1.5]). Every 3-edge coloured finite complete graph can be partitioned into

3 disjoint monochromatic paths.
In particular, the following question is still open:

Problem 2.1.8. Does every 4-edge coloured finite complete graph admit a partition into 4 monochro-

matic paths?

It is quite natural at this point to look at path/cycle decompositions of edge coloured non-complete

graphs and edge coloured complete hypergraphs as well. Monochromatic cycle partitions of complete
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bipartite graphs are investigated in [46]. In [77], Pokrovskiy shows that every two edge coloured K, n,

can be partitioned into 3 monochromatic paths and the following conjecture is stated:

Conjecture 2.1.9 ([77, Conjecture 4.5]). Suppose that the edges of K, n, are coloured with r colours.

Then there is a partition of K, ,, into 2r — 1 disjoint monochromatic paths.

It will be rather easy to show that this conjecture holds for the graph K, ., (see Theorem 2.4.1).

In [37], the authors look at path decompositions of a 2-edge coloured graph G on n vertices with
n/2 edges missing. In [83], G. Sarkozy looks at cycle partitions of edge coloured graphs G with given
independence number a(G) (recall that a(G) is the size of the largest independent set in G). This line of
research was carried on in [4]: it is proved that every 2-edge coloured finite graph G can be partitioned
into 2a(G) monochromatic cycles. In the same paper, further cycle decomposition results are proved for
graphs with given minimal degree.

Path and cycle partition problems on hypergraphs were investigated by Gyérfas and Sarkozy [40, 39].

Let us mention two results here:

Theorem 2.1.10 ([39, Theorem 1.]). For all integers r > 1,k > 2,a > k — 1 there exists a constant
¢ = c(r, k,a) such that for every r-edge colouring of a k-uniform hypergraph H with independence number

a(H) = « there is a partition of the vertices into at most c(r, k, a) disjoint monochromatic loose cycles.

Theorem 2.1.11 ([40, Theorem 3.]). Suppose that the edges of a countably infinite complete k-uniform
hypergraph are coloured with v colours. Then the vertex set can be partitioned into monochromatic finite

or one-way infinite loose paths of distinct colours.

Our goal in Section 2.2 is to prove a stronger version of the latter theorem.
The interested reader may look into the survey [51] by M. Kano and X. Li on problems and results

on finding monochromatic and heterochromatic subgraphs of edge-coloured graphs.

2.2 Partitions of hypergraphs

In this section, we aim to improve Theorem 2.1.11. Let k € N\ {0}.

Definition 2.2.1. A loose path in a k-uniform hypergraph is a finite or one-way infinite sequence of
edges, e1,€z,... such that |e; Ne;p1| =1 for all i, and e;Nej = O for all 4,5 with i+ 1 < j.
A tight path in a k-uniform hypergraph is a finite or one-way infinite sequence of distinct vertices

such that every set of k consecutive vertices forms an edge.

Remark. Occasionally, we will refer to loose and tight cycles and two-way infinite paths as well, with
the obvious analogous definitions.
In the introduction of [40], the authors asked if in Theorem 2.1.11 one can find a partition into tight

paths instead of loose ones. We prove the following:

Theorem 2.2.2. Suppose that the edges of a countably infinite complete k-uniform hypergraph are
coloured with r colours. Then

(1) the vertex set can be partitioned into monochromatic finite or one-way infinite tight paths of
distinct colours,

(2) the vertex set can be partitioned into monochromatic tight cycles and two-way infinite tight paths

of distinct colours.
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Proof. (1) Note that the case of k = 2 is Rado’s Theorem 1.3.8 above; we will imitate his original proof
here.

Let c: [N]k —{0,...,7—1}. Aset T C {0,...,r—1} of colours is called perfect iff there are disjoint
finite subsets {P; : t € T'} of N and an infinite set A C N\ J,c, P; such that for all t € T

(a) P, is a tight path in colour ¢,

(b) if 1 <4 < k and x is the set of the last i vertices from the tight path P and y € [A]kii, then
clxUy) =t

Since () is perfect, we can consider a perfect set T of colours with maximal number of elements.

Claim 2.2.3. If the vertex disjoint finite tight paths {P; : t € T'} and the infinite set A satisfy (a) and
(b) then for all v € N\ ,cp Pt there is a colour t' € T, a finite sequence vy, vz, ..., vx—1 from A, and
an infinite set A’ C A such that the tight paths

{Pt it e T\ {tl}} U {Ptfﬁ(vl,vg,...,vk_l,v)}

and A" satisfy (a) and (b) as well.

]k_l —{0,...,7—1} by the formula d(z) = c(zU{v}).
By Ramsey’s Theorem, there is an infinite d-homogeneous set B C A in some colour ¢'. Then t' € T,

since otherwise T'U {t'} would be a bigger perfect set witnessed by Py = {v},{P;:t € T} and B.

Proof of the Claim. Define a new colouring d : [A

Now pick distinct v1,vs,...,vk—1 from B and let A’ = B\ {v1,...,vk_1,0v}. O

Finally, by applying the claim repeatedly, we can cover the vertices with |T'| tight paths of distinct

colours.

(2) Let c: [N}k — {0,...,r — 1}. Write V_; = N. Using Ramsey’s Theorem, by induction on n € N
choose d(n) < r and V,, € [Vn,ﬂN such that

-1

c({n} U 0) = d(n) for all O € [V,,]" (2.1)

For ¢ < r let
A;={neN:d(n) =i} (2.2)
Let K = {i < r: A; is finite}. By induction on ¢ € K we will define tight cycles {P; : i € K} such
that
U 4c< U »
i <ii' €K i <ii' €K

while some of the P;’s might be empty.

Assume that {Py : i < i,i’ € K} is defined and suppose ¢ € K. Enumerate A4; \ Ui'<i,i’eK Py as
{ad 15 <t}
Choose disjoint k — 1 element sets
Yyc(Vu\ |J Prforj<t (2.3)

j<t i<ii' €K
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Consider an ordering <; on P; = {2] : j <t} U U Y/ such that
i<t

) < V) <iaf < V<=2l < Y
Then <; witnesses that P; is a tight cycle in colour 4.
Now, let
p=|JPp
ieK
and for each i € {0,...,7 — 1} \ K we define a 2-way infinite tight path P; as follows.
By induction, for every integer z € Z and i € {0,...,r — 1} \ K choose disjoint sets {z7} € [4; \ P]!

and Y7 € [N\ P]kil such that
Y;Z C sz n Vx;+1

and

U A; c PU( {3} Y7 ri€{0,...,r —1}\ K,z € Z}.
i€{0,...,r—1}\ K

Consider an ordering <; on P; = {z} : z € Z} U, Y;® such that

---‘<iY-_2‘<i$;1 -<iY;_1 -<i$?-<iY-O-<i$% -<iYil <.

(2 7

Then <; witnesses that P; is a 2-way infinite tight path in colour 1. o

2.3 Covers by k" powers of paths

We will be interested in partitioning an edge coloured copy of Ky into finitely many monochromatic k"

powers of paths:

Definition 2.3.1. Suppose that G = (V, E) is a graph and k € N\ {0}. The k' power of G is the graph
G* = (V, E*) where {v,w} € E¥ iff there is a finite path of length < k from v to w.

Figure 2.1 below shows the first three powers of a path.
P P?
R NS NG, N g

P3

N—

Figure 2.1: Powers of paths.

We will investigate this new decomposition problem by introducing the following game.

Definition 2.3.2. Assume that H is a graph, W C V(H) and k € N. The game & (H, W) is played by
two players, Adam and Bob, as follows. The players choose disjoint finite subsets of V(H) alternately:

Ao, Bo, A1, By, ..
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Bob wins the game & (H, W) iff
(A) W C UiEN Az @] Bi, and

(B) H[U;en Bil contains the k™ power of a (finite or one way infinite) Hamiltonian path (that is, a

path covering all the vertices).
For k = 1, we have the following
Observation 2.3.3. If H = (V, E) is a countable graph and W C V then the following are equivalent:
1. W is w-unseparable,
2. Bob wins &1(H,W).

Proof. (1) = (2): By our assumption, Bob can always connect an uncovered point of W to the end-point
of the previously constructed path while avoiding vertices played so far. This shows the existence of a
winning strategy for Bob.

(2) = (1): Fix any two distinct points v,w € W and a finite set F' C V' \ {v,w}. Let Adam start
with Ag = F and continue with A; = (); the Hamiltonian path P constructed by Bob’s strategy will go
through a and b while PN F = (. O

Now, we show how to produce a partition of the vertices into k** powers of paths using winning

strategies of Bob:

Lemma 2.3.4. Suppose that H = (V,E), V. = |{W; : i < M} with M € N and let H; = (V, E;) for
some E; C E. If Bob wins & (H;,W;) for all i < M then V' can be partitioned into {P; : i < M} so
that P; is a k" power of a path in H;.

Proof. We will conduct M games simultaneously as follows: the plays of Adam and Bob in the it
game will be denoted by A}, BY, A%, Bi, ... for i < M. Let o' denote the winning strategy for Bob in
Sk (H;, W;), that is, if we set B!, = o*(A}, B, ..., A%) then Bob wins the game.

Now, we define A?,, B, by induction using the lexicographical ordering <, on {(n,i) : n € N,i < M}.
First, let AY = () and By = 0°(AJ). In general, assume that A7 and BJ, are defined for (m, j) <jes (n,1),

and we let

A =Bl (m.3) <ew (0} (A By :m <)) (2.4)

and
B, =o'(Ay, By, ..., A}).

One easily checks that the above defined plays are valid; indeed, for a fix i < M the finite sets
{A%, B! : n € N} defined above are disjoint.

Next, let P; = (J{B% : n € N} for i < M. As Bob wins the i" game we have that P; is a k" power
of path in H;. Note that P, N P; = 0 if ¢ # j < M. Indeed, if (m,j) <iex (n,7), then

By 0Bl < Byn (4,0 (AL, B, m < n}) =0

by (2.4).
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To finish the proof, we prove
V={P:i< M} (2.5)

Indeed, first note that W; C |, _n A%, U BY as Bob wins the i** game and hence

neN

v= |J 4,uBi.
neNi<M

Second, by (2.4), we have
Al c Bl () <iea (n,1)}

and so

U 4.c U B

neN;i<M neN;i<M

and hence V ={P, :i < M}. O

The next theorem provides conditions under which Bob has a winning strategy:

Theorem 2.3.5. Assume that H is a countably infinite graph, W C V(H) is non-empty and k € N. If
there are subsets Wy, ..., Wy, of V(H) such that Wo =W and

Wiy1 N Ng[F] is infinite for each j < k and finite F' C U.< W (2.6)
i<j

then Bob wins & (H,W).

Proof. We can assume that V(H) = N.

Consider first the easy case when W is finite. Adam plays a finite set Ag in the first round. Write
N = |Wp \ Ag|. Let Bob play By = Wy \ Ag = {bno:n < N}. In the j round for 1 < j < k, let Bob

play an N-element set

Bj={bn;:n<N}CW;nNy[| ) B (2.7)

i<j
which avoids all previous choices, i.e. B; NJ{Ai, B; : 7' < j,i < j} =0. For j > k let Bob play B; = 0.
We claim that

(A) Wy CU{An, B, : n € N}, and
(B) P ={b,;:n < N,j <k} is the k'"-power of a path.

(A) is clear because Wy C A U By.

To check (B) consider the lexicographical order of the indexes. Let (m, i) # (n,j) € {0,..., N —1} x
{0,...,k}. Then by, ; and b, ; are the ((k + 1)m +i)*" and ((k + 1)n + j)'" elements, respectively, in

the lexicographical order.
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Ft e erane By C Wy
i e

IR N B W,
|
| AR

i+ Ny B, C W,
| I
i © o o 0, By € Wy
———————————————————————— — N

Figure 2.2: b, ; and its k successors.

Assume that |((k+ 1)m +14) — ((k+ 1)n + j)| < k; then ¢ # j and, without loss of generality, we
can suppose that ¢ < j. Then we have by, ; € |J By, 50 by j € N (bm,;) by (2.7). In other words,

{bm,i;bn,;} is an edge in H which yields (B).

i <j

Consider next the case when W is infinite; let us outline the idea first in the case when k£ = 2. Bob
will play one element sets at each step and aims to build a one-way infinite square of a path following
the lexicographical ordering on N x {0, 1,2}. However, he picks the vertices in a different order, denoted

by < later, which is demonstrated in Figure 2.3.

~— =N

k=2 4+ 6 9 12 C Wy
: : :
: . L
—+1 3 5 ! 8 ! r110 cw
: R
I } } L L
| 1. 2 14 517 ;10 c W,
1 N —_—— N—— —
|
————————————————————————————————— - N

Figure 2.3: The two orderings.

This way Bob makes sure that when he chooses the 12" element he already picked its two successors
(in the 7t and 11" plays) and two predecessors (in the 8" and 4" plays) in the lexicographical ordering,

hence we can ensure the edge relations here.

Now, we define the strategy more precisely. In each round Bob will pick a single element b, ; for
some (n,j) € N x {0,1,...,k} such that {b,; : (n,j) € Nx{0,1,...,k}} will be the k" power of a
path in the lexicographical order of N x {0,1,... k}.

As we said earlier, Bob will not choose the points b, ; in the lexicographical order of Nx {0,1, ..., k},
i.e. typically the ((k + 1)n + j) move of Bob, denoted by B(y+1)5+, is not {b, ;}.
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To describe Bob’s strategy we should define another order on N x {0,1,...,k} as follows:
(m,i) < (n,5) ff (m+i<n+j)or(m+i=n+jandi<jy).

Write (m,i) < (n,j) iff (m,i) < (n,j) and (m,i) # (n,j). Clearly every (n,j) has just finitely many
<-predecessors. Let f(¢) denote the ¢*" element of N x {0,1,...,k} in the order <.
Bob will choose By = {b(s)} in the ! round as follows: if f(¢) = (n,j), then

(a) if j =0 then

by,; = min (Wo \ ( U Ag U U Bt)>; (2.8)

s<t t<t
(b) if j > 0 then

bnj € Wi O Ngg [{bmi : (m,i)<(n,5),i < j}]. (2.9)

Bob can choose a suitable by, ; by (2.6) as {bm,i : (m,i) <(n,j),i < j} is a finite subset of |J,_; Wi.
We claim that

(A) Wo CU{An, B, : n € N}, and
B) P={b,;:neN,j<k}is the k"-power of a path.
J

(A) is clear because in (2.8) we chose the minimal possible element.

Let (m,i) # (n,j) € Nx{0,...,k}. Then by, ; and b, ; are the ((k+ 1)m + i)™ and ((k+ 1)n+ j)*"
elements, respectively, in the lexicographical order. Assume that |((k+ 1)m +1) — (k+ 1)n+ j)| < k.
Then ¢ # j and |m —n| < 1.

Without loss of generality, we can assume that ¢ < j. Then |m —n| < 1 implies m+1i < n + j and
hence (m, %) <(n,j). Since i < j as well, b, ; € Ng (b, ;) must hold by (2.9). In other words, {bm, i, bn,;}
is an edge in H which yields (B). O

We arrive at one of our main results:

Theorem 2.3.6. For all positive natural numbers k,r and an r-edge colouring of Ky the vertices can

be covered by < r#=Vr+L one_way infinite disjoint monochromatic k™ powers of paths and a finite set.

Proof. The set of sequences of length m (at most m, respectively) whose members are from a set X is
denoted by X™ (X=™ respectively).

Recall that for each r-edge colouring ¢ of Ky Lemma 1.3.5 gives a partition of the vertices, which
we will denote by d. : N — {0,...,7 — 1}, and a special colour i, < r. We define a set A; C N for each

finite sequence s € {0,...,r — 1}=(=D7+1 by induction on |s| as follows:
o let Ay =N,

o if A, is defined and finite then let

As~g=As;and A;~; =0 for 1 <i<r, (2.10)
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e if A, is defined and infinite then let

As~i ={u € As : deya,(u) =1} for i <. (2.11)

Fix an arbitrary s € {0,...,7r — 1}(’“’1)”rl such that A; is infinite. Then there is a colour is < r and
a k-element subset Hy = {hy > hg > -+ > hi} of {0,..., (k — 1)r} such that

S(h]) = is

forall j =1,...,k Let Wy = Ag and W; = Agp; for j = 1,...,k. Note that the choice of is ensures
that
W41 N Ng, [F] is infinite

for each j < k and finite set F' C |J,<; Wi, where G, = (N, e {is}). Thus, by Theorem 2.3.5, Bob has
a winning strategy in the game (G, As).
Playing the games

{&k(Gs, Ag) :s€{0,...,1r— 1}(k71)T+1 and A is infinite} (2.12)

simultaneously, that is, applying Lemma 2.3.4 we can find at most 7*~D7+1 many k** powers of disjoint

monochromatic paths which cover N apart from the finite set [J{As : As is finite}. (|
In the case of k = r = 2, we have the following stronger result:

Theorem 2.3.7. (1) Given an edge colouring of Ky with 2 colours, the vertices can be partitioned into

< 4/ monochromatic path-squares (that is, second powers of paths):
Ky C (PathSquare)s 4.

(2) The result above is sharp: there is an edge colouring of Ky with 2 colours such that the vertices

cannot be covered by 8 monochromatic path-squares:

Ky 7 (PathGquare)s 3.

To prove Theorem 2.3.7 we need some further preparation. First, in [76, Corollary 1.10] Pokrovskiy
proved the following: Let k,n > 1 be natural numbers. Suppose that the edges of K, are coloured with
two colours. Then the vertices of K,, can be covered with k disjoint paths of colour 1 and a disjoint k"
power of a path of colour 0.

Second, we will apply the following

Lemma 2.3.8. Assume that P = vg,v1,... s a finite or one-way infinite path in a graph G and there
is W CV(G)\ P so that

(W N Ng[{vi, vig1,Viga, vits}]) is infinite for all v; € P. (2.13)

Let F be a countable family of infinite subsets of W. Then G contains a square of a path R which covers
P while R\ P C W, and F \ R is infinite for all F € F. Moreover, if P is finite then R can also be
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chosen to be finite.

Proof. Let Fy, Fi,... be an enumeration of F in which each element shows up infinitely often.

Pick distinct vertices wo, fo, w1, f1,... from W such that
w; € Ng[{vai, v2it1,v2i42,v2i43}] and f; € Fj.

Then
R= Vo, U1, W, V2, V3, W1, V4. .., V2i, V2i41, Wi, V2542, V2i43, Wit1,- .. (214)

is a square of a path which covers P, R\ P C W, and {f, :n e N,F, =F} C F\ Rforall F € F.

The last statement concerning the finiteness of R is obvious. O

Proof of Theorem 2.3.7(1). Fix a colouring ¢ : [N]2 —{0,1} and let G; = (N, ¢~ 1{i}) for i < 2.

We will use the notation of Lemma 1.3.5. Let ¢y = ¢ and let
Ag={veN:d,(v) =1ic} and By =N\ Ap. (2.15)
Let ¢ = ¢g | By and provided By is infinite we let
Ay ={veBy:d. (v) =1t} and By = By \ A;. (2.16)

We can assume that i., = 0 without loss of generality.

Case 1: By is finite.

First, G[By] can be written as the disjoint union of two paths Py and P; of colour 1 and a square of
a path @ of colour 0 by the above mentioned result of Pokrovskiy [76, Corollary 1.10]. Applying Lemma
2.38 for G =Gy, P =Py, W = Ay and F = 0 it follows that there is a finite square of a path Ry in
colour 1 which covers Py and Ry \ Py C Ap. Applying Lemma 2.3.8 once more for G = Gy, P = Py,
W = Ap \ Rp and F = () it follows that there is a finite square of a path R; in colour 1 which covers P,
and Ry \ P C Ap \ Ro. Let A = Ao\ (Ro U Ry).

Now, by Theorem 2.3.5, Bob wins the game &5(Gp, Aj) witnessed by the sequence (Ay, Af, Aj); thus
G[A{] can be covered by a single square of a path S of colour 0 by Lemma 2.3.4. That is, G can be

covered by 4 disjoint monochromatic squares of paths: Ry, R;, @ and S.

Case 2: By is infinite and i, = 0.
Note that, by Theorem 2.3.5, Bob wins the games

(i) ®2(Go, Ao) witnessed by (Ao, Ao, Ao),
(ii) &2(Go, A1) witnessed by (A1, A1, A1),
(iii) B2(G1, B1) witnessed by (B, A1, Ag).

Hence, the vertices can be partitioned into two squares of paths of colour 0 and a single square of a path

of colour 1 by Lemma 2.3.4.

Case 3: By is infinite and i, = 1.
Since we applied Lemma 1.3.5 twice to obtain Ag and By, and A; and By, and B; C By we know
that
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(a) Bob wins the game ®2(Go, Ag) witnessed by (Ao, Ao, Ao);
(b) Bob wins the game &5(G1, A1) witnessed by (A1, A1, A1);
(¢) N[F,1]N Ay is infinite for every finite set F' C By;
(d) N[F,0]N A; is infinite for every finite set F' C By;
(e) N[F,0]N Ay is infinite for every finite set F' C Ao;
(f) N[F,1]N A; is infinite for every finite set F' C A;.

First, partition B; into two paths Fy and P; of colour 0 and 1, respectively. Indeed, if Bj is infinite
this can be done by Theorem 1.3.8 and if Bj is finite one considers two disjoint paths Py and P; in Bj of
colour 0 and 1 with |Py| + | P;| maximal (as outlined in a footnote in [29]); it is easily seen that Py U Py
must be Bj.

Now, our plan is to cover Py and P; with disjoint squares of paths Ry and R; of colour 0 and 1,
respectively, such that Ry \ Py C A1, R \ P C Ap while

(a’) Bob wins the game &2(Go, Ag \ R1) witnessed by (Ap \ Ri1, Ap \ R1, 4o \ R1),
(b’) Bob wins the game B2(G1, A1 \ Ro) witnessed by (A; \ Ro, A1 \ Ro, A1\ Ro).

Let
Fo={N[F,0]NAp: F C Ay finite},
and
F1={N[F,1]N A, : F C A; finite},

and note that these families consist of infinite sets by (e) and (f) above. Apply Lemma 2.3.8 for G = Gy,
W = Ay, P =Py and F = F; to find a square of a path Ry in Gy which covers Py, Ry \ Pp C 4; and
F\ Ry is infinite for all F' € F, that is,

N[F,1] N (A1 \ Ry) is infinite for every finite set F C A;. (2.17)

Apply Lemma 2.3.8 once more for G = Gy, W = Ay, P = P; and F = Fy to find a square of a path
Ry in Gy with Ry \ P1 C Ap which covers P; and F'\ R; is infinite for all F' € Fy, that is,

N[F,0] N (Ag \ Ry) is infinite for every finite set F' C Ay. (2.18)

Then, by Theorem 2.3.5, (2.18) yields (a’), and (2.17) yields (b’).
Hence (Ap \ R1) U (A; \ Rp) can be partitioned into two monochromatic squares of paths by Lemma

2.3.4 which in turn gives a partition of all the vertices into 4 monochromatic squares of paths. O

Proof of Theorem 2.3.7(2). Fix a partition (A, B, C, D) of N such that A is infinite, |B| = |C| = 4, and
|D| = 1. Define the colouring ¢ : [N]> — {0, 1} as follows see Figure 2.4:

2

c {1} ={{a,v}:a€ A,ve BUCUD}U [B}2 ulc]™. (2.19)
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Figure 2.4: The example for Theorem 2.3.7(2)

If P is a monochromatic square of a path which intersects both A and BU C U D, then P should be
in colour 1, so P N A should be finite. Thus every partition of Ky into monochromatic squares of paths
should contain an infinite 0-monochromatic square of a path S C A.

It suffices to show now that B U C U D cannot be covered by two monochromatic squares of paths.
Let D = {d}.

First, if P is a 1-monochromatic square of a path then P’ = PN (B UC U D) is a 1-monochromatic
path. As two 1-monochromatic paths cannot cover B U C' U D, two 1-monochromatic squares of paths
will not cover B U C U D neither.

Second, if ) is a 0O-monochromatic square of a path which intersects BUC UD then Q C BUCUD.
Assume that d ¢ Q and let Q = x1,x9,.... If 1 € B then x5 € C so x5 does not exists because @ is
0-monochromatic square of a path. Hence d ¢ @ implies |[QN B| < 1and |[QNC| < 1. If d € Q, then
cutting @ into two by d and using the observation above we yield that [Q N B| <2 and |[QNC| < 2. In
turn, two 0-monochromatic squares of paths cannot cover BU C U D.

Finally using just one O-monochromatic square of a path @ we cannot cover (BUC) \ @ by a

single 1-monochromatic square of a path because there is no 1-coloured edge between B\ Q # () and

C\Q#0. O

2.4 Further results and open problems

In general, there are two directions in which one can aim to extend current results: investigate edge
coloured non-complete graphs; determine the exact number of monochromatic structures (paths, powers
of paths) needed to cover a certain edge coloured graph.

The next results shows Conjecture 2.1.9 for the graph K, .

Theorem 2.4.1. Letc: E(K, ) — r for somer € N. Then K, ., can be partitioned into at most 2r —1
monochromatic paths. Furthermore, for every r € N there is ¢, : E(K, ) — 7 so that K, cannot be

covered by less than 2r — 1 monochromatic paths.

Proof. Let us denote the two classes of K, ., by A and B. Fix a colouring c and ultrafilters U4, Up on
A, B respectively; now, let A; ={ue€ A:{ve B:c(u,v) €i} € Up} and similarly B, = {v € B : {u €
A c(u,v) € i} € Ua}. Without loss of generality, we can suppose that Ag € Uy. Let H; denote the
graph on AU B with edges ¢~ 1(i).
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Claim 2.4.2. Bob wins the games &1(Hy, Ao U By), 61(H;, A;) and &1(H;, B;) for 1 <i <r.
Proof. Tt is easy to see that Claim 2.3.3 can be applied in each case. o

This finishes the proof of the first part of the theorem by Lemma 2.3.4.
Next, we will construct our colourings ¢ showing that the above result is sharp. Let r > 2, let
A =U{4,; :i < r} with A infinite and A; = {a;} for 1 <i < r and let B = U{B,; : i < r} with each B;

infinite. Define the r-colouring c, as follows: let
¢ A xBj=1i+3j modr fori,jer.

Note that if P is a monochromatic path which covers some A; then |{j < r : PN B; # 0} < 1;
furthermore P is finite and thus B; \ P # 0 if 1 <4 < r and j < r. Similarly, if P is a monochromatic
path which covers some B; then |[{j <r: PNA; # 0} <1 as well. Now it is easy to see that there is

no c¢,.-monochromatic cover by less than 2r — 1 paths. O
We mention that Rado’s original result (Theorem 2.1.2) implies

Claim 2.4.3. For every r-edge colouring of the random graph on N we can partition the vertices into r

disjoint paths of distinct colours.
Regarding Theorem 2.3.6 we ask the following most general question:

Problem 2.4.4. What is the exact number of monochromatic k' powers of paths needed to partition

the vertices of an r-edge coloured complete graph on N?

Naturally, any result aside from the resolved case of k = r = 2 (see Theorem 2.3.7) would be very

welcome. In particular:

Problem 2.4.5. Can we bound the number of monochromatic k" powers of paths needed to partition

the vertices of an r-edge coloured complete graph on N by a function of r and k?



Chapter 3

Path decompositions of uncountable

graphs

The goal of this chapter to prove that every finite edge coloured infinite complete graph can be partitioned
into disjoint monochromatic paths of different colours. The smallest uncountable case of this theorem
with two colours was proved jointly by M. Elekes, L. Soukup and Z. Szentmikldssy [14] while the general
result is due to the present author [93].

We are not aware of any results on uncountable paths in graphs prior to our work. We mention a
paper by A. Hajnal, P. Komjdth, L. Soukup and I. Szalkai [44] where the authors considered the question
if the vertices of a u-edge coloured complete graph can be partitioned into 7 pieces, each connected in
some colour. Our monochromatic path decomposition gives a very special partition with the above

property when p = 7 is finite and we return to the results of [44] in Section 3.5.

3.1 Constructing uncountable paths

Now, we present our most important tools in constructing uncountable paths with Lemma 3.1.8 being

the main result of this section.

Definition 3.1.1. For a path P and x <p y € P let P | [x,y) denote the segment of P from x to y
(excluding y itself). For a set A and path P we say that P is concentrated on A iff

Ny NANP [ [z,y) #0

for every <p-limity € P and x <p y in P.
We will use the following easy observation regularly

Observation 3.1.2. Suppose that P is a path concentrated on a set A, p € V(P) and there is a limit
element of P above p. Then there is a ¢ € ANV (P) such that p <p q and P | [p,q) is finite.

We will apply the next lemma multiple times:

Lemma 3.1.3. Let G = (V, E) be a graph and A € [V]|*® k-unseparable. Then the following are equiva-

lent:

26
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1. there is a path P of order type k concentrated on A,
2. A is covered by a path Q of order type k concentrated on A.
Moreover, ifa € A and C € [A]Cf("”") then we can construct @ with first point a and cofinal set C.

Proof. We prove by induction on k; the result holds for k = w by Observation 1.3.4 so suppose that
k > w and that we proved for cardinals < k. Also, fix a € A, C € [A]Cf(”) and path P concentrated
on A; note that we do not need to worry about C' if x is regular as every subset of A of size x will be
cofinal in . We distinguish two cases:

Case 1: k > cf(k).

Let us fix an increasing cofinal sequence of regular cardinals (ko )a<cf(s) it & so that kg = cf(x) and
kg > sup{kq : a < B} for all 8 < cf (k).

Claim 3.1.4. There are pairwise disjoint paths {Rs : a < c¢f(k)} in V' \ ({a} UC) concentrated on A
such that

1. Ry has order type ko, Ry has order type ko + ng for some ny € w\ {0},
2. Ry starts in A, R, starts and finishes in A for 0 < a < cf(k),

3. for every x,y € A there are k many pairwise disjoint finite paths from x to y in {z,y} UV \
Ua<cf(n) RO‘

Proof. Let A = |J{Aw : @ < ¢f(k)} be an increasing union with |A4,| < k. We proceed by induction
on a < cf(k) and construct {R, : @ < B} satisfying 1. and 2. above and sets {W,, : @ < 8} so that

(a) W, € [V]# and any two points © # y € A, can be connected by k, pairwise disjoint finite paths in
{z,y} UW,, and

(b) Wa N Ry =0 for o,/ < .

First choose Ry to be a segment of P which satisfies the above conditions (on the starting point and
order type) and choose Wy C V' \ Ry using that Ag is ko-unseparable.

In general, let Xg = |J{Ra : o < B} U U{W4 : @ < B} and note that Xg has size less than . As
the path P has k many rg-limit points, we can select a subpath Rg of P (an interval of P starting and
finishing in A) of order type kg +ng such that RgNXg = 0. We can construct now Ws C V'\ (XgURg)

as desired using that Ag is k-unseparable. O

Let C, denote a subset of AN R, which is cofinal in R, [ k., and let t, denote the x,-limit point
of R, for 0 < a < ¢f(k). Write A\ |J o Ba as {Aq 1 a < cf(k)} so that [Aa| < kq. List C as

{ca ta<cf(k)}.

Construct a sequence of paths {Q, : @ < ¢f(k)} concentrated on A so that

a<cf(

1. Qg end extends Q, for o < 8 < cf(r),

2. @, starts with a and finishes with a point r, € AN Ry,

w

. QaNRy C Ry | o U{rs} and Q, covers all points © € AN Ry such that x <g, 4,

. (Qa-‘,—l \Qa) NncC = {Ca}7

I
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5. Qq covers A, U (R, NA) for 0 < a < cf(k),
6. QuN R =0if a < B < cf(k).

Suppose we have Q. for a < 8. If B = a + 1 then let Ts = Tas if B is limit then let r5 be the first
limit point of Ry above {r, : @ < 8}. Note that rg =Sup., {re : @ < B} if B is a limit and hence
Qcp=U{Qu:a<ptu {rg} is a path concentrated on A by property (3). Let Tg <R, 78 € Ro be the
first two points of A above 75 and note that that Ro | [TE, rg] is finite.

Figure 3.1: Extending Q<3 to Q3.

Claim 3.1.5. There is a path S concentrated on A in V\ (U{Ra : @ € K\ {B}} U Q<p) such that
(i) S end extends Ry | [rﬁ_,rg] and ends in rg,

(i) S covers Ag\ Q<p U (RgN A),

(iii) SNC = {cs}.

Proof. S is constructed using Rg and the inductive hypothesis for k. First, let us find a finite path S’
starting with ¢tg and the finite end segment of Rg so that S’ NC = {cg} and S’ ends in 5. This can be
done as A is k-unseparable.

Now, note that Rg | kg is a path of order type kg concentrated on Ag \ Q< U (RgNA) in Vg =
VNU{Ra : @ € k\{B}}UQ<pUCUS’) and that Ag\Q<sU(RgNA) is kg-unseparable in V3. Hence, we
can apply the inductive hypothesis in V3 and find a path S” concentrated on A of order type kg which
starts with rg, covers Ag \ Q<p U (RN A) and has cofinal set Cz. We set S = Ry | [TB_,TE]ASNAS/

O

Let Q3 = Q<" S which finishes the inductive step and hence the proof for the case when & is singular.

Case 2: k = cf(k).

We fix a nice sequence of elementary submodels (M, )a<ys covering A with A,G € M; and let
Ay = M,NA. Let po, = mine,, P\ M, for a < k and note that p, € M,11 and p, is a <p-limit. Also,
observe that

{p€e ANN(pg):p <p ps} \ M, is infinite

for all & < B < k; indeed, this follows from the fact that M, N P is a proper initial segment of P [ pg.
Now, it suffices to construct a sequence of paths {Q, : @ < k} concentrated on A so that @1 starts

with a and

1. A, C Qo C M,



CHAPTER 3. PATH DECOMPOSITIONS OF UNCOUNTABLE GRAPHS 29

2. Qa"(po) is a path which is an initial segment of Qg

for all & < B < k. Indeed, | J{Q4 : @ < k} is the path we are looking for.
Suppose we constructed @, for a < 5. Let

U{Qa : < B} (pg) if B is a limit,

QRQep = .
Qo (Pa) ifB=a+1.

Note that Q< is a path; for successor § this is ensured by (2) while for a limit 8 ensured by (1) and
the observation about pg above.

If 3 is a limit, we simply let Qg = [U{Qq : @ < B}; it is easy to see that (1) is satisfied as the chain
(Ma)a<cf(r) is continuous.

Now suppose 8 = a+1. Our goal is to apply the inductive hypothesis and find a path S concentrated
on Ain VN (My41 \ M,) so that

(i) S starts at pq,

(ii) S covers AN My11 \ My, and

(iii) there is an infinite subset of N (pa+1) N AN Myi1 \ M, cofinal in S.
Indeed, Qp = Qo" S will satisfy (1) and (2).

M,

Qa

Figure 3.2: Extending QQ<g to Q3.

Let us pick the cofinal set mentioned in (iii) first: let R~ C N(pat1) VAN Myt1 \ (Mo U {po}) be
infinite and find a path R of order type w in My41 \ M, covering R~ and starting in R~. The path
S will end with R and hence property (iii) will be satisfied. Also, p, might not be in A but a finite
segment of P connects p, to some ¢ € AN My41 \ M.

Now, let A = [AN May1 \ Mq| and find a point 75 € PN May1 \ Mo which is a ¢f (A)-limit point of
P let rz; be the first point of AN P above r;. Let W = V(RUP | [pasq)UP | [rg,r;r]).

Find a finite path T in My41 \ (M U W) connecting 7“2' to the first point of R and let R = P |
[r;, T;]ATAR. The path S will start with P | [pa, ¢] and end with R'. Let W/ = W UV (T).

Finally, pick any Rg € [N(rg) N AN Ma41 \ (Mo U W))¢fN . Now apply the inductive hypothesis
in the graph G [ VN May1 \ (Ma UW') for the A-unseparable set AN My \ (My UW’); we can find a
path S” concentrated on A which starts with P [ [pq,q], covers AN Mqy1 \ M, and Rg is cofinal in S’.
Note that V' N My4+1 \ M, contains a path which is concentrated on AN M,41 \ M, and has ordertype
A; indeed, consider an appropriate segment of the original path P in My \ M,.
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We are done by letting S = S’"R'.
O

As we will see, there are three main ingredients to constructing a path covering a set A of size k one

of which is being k-unseparable.

Definition 3.1.6. Suppose that G = (V, E) is graph and A C V. We say that A satisfies 8, iff for all
X € [V]<F and X\ < K there is a path P of order type \ disjoint from X which is concentrated on A.

If we have a fixed edge colouring we use #,,; for “#, in colour ¢” for short. Also, let us mention an

easy result for later reference:

Observation 3.1.7. Suppose that G = (V, E) is a graph, A € [V]*. Consider the following statements:
1. there is a path P in G of size k concentrated on A,
2. A satisfies @,
3. for each A\ < K there are k-many pairwise disjoint paths concentrated on A of order type .

Then (1) = (2) & (3).

Proof. (1) = (2): suppose that X € [V]|<* and A < k. If k is regular then X N P must be bounded in P
and hence an end segment of P is a path disjoint from X which has order type k. If x is singular, then
p=|X|T is less than k and we repeat the previous argument for the P | p.

(2)=(3): suppose that there is A < k and a maximal family P of pairwise disjoint paths concentrated
on A of order type A so that |P| < k. Apply #, to X = UP € [V]<* to extend P. This contradicts the
maximality of P.

(3)=(2): suppose that X € [V]<" and A < . Take a family P of pairwise disjoint paths concentrated
on A of order type A so that |P| = k. There is P € P so that PN X = 0.

O

Clearly, (2) does not imply (1) as # is easily satisfied in a graph which has no connected component
of size k.

The next lemma will be our main tool in constructing paths.

Lemma 3.1.8. Suppose that G = (V, E) is a graph, K > w, A € [V]" and
1. A is k-unseparable, and

if Kk > w then
2. A satisfies @, and

3. there is a nice sequence of elementary submodels (Ma)a<cp(x) covering A with A,G € My so that
there is x5 € A\ Mg,yg € V' \ Mg with {xg,ys} € E and

[Na(ys) NAN Mg\ Ma| > w

for all o < B < cf (k).

Then A is covered by a path P concentrated on A.
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Note that condition (3) only makes sense for K > w; indeed, if A is countable and A € M; then
A C M, as well. However, every countably infinite w-unseparable set A is covered by a path of order

type w.

Proof. If kK = w then Observation 1.3.4 finishes the proof. Suppose k > w.

Let us fix (Ma)a<cf(x) and {Za, Yo : @ < cf(k)} as above; we can suppose that zq,ya € May1. Let
Ay = M,N A for a < cf(k). It suffices to construct a sequence of paths {P, : @ < c¢f(k)} concentrated
on A so that

(i) Ps end extends P,
(11) Aa - Pa - Maa
(iii) Ng(Yat1) VAN Maoq1 \ M, is cofinal in P,y q

for all a < 8 < cf (k). We set P =|J{P, : @ < ¢f(x)} which finishes the proof.

Suppose we constructed P, for o < § as above; if /5 is a limit ordinal then we set Pg = |J{ P, : & < §}.
Suppose that 8 = a+ 1; note that P, (ya, Za) is still a path regardless whether « is a limit or successor
by (ii) and (iii). It suffices to find a path S C M,41 \ M, concentrated on A starting at z, so that
N(Yat1) VAN Myi1 \ M, is cofinal in S and A,41 \ Aa C S; indeed, we set Pyi11 = Py" (ya)” S which
finishes the proof.

We will essentially repeat the proof of Lemma 3.1.3 in the regular case. Recall that N(ya4+1) N AN
Ma11\ M, is infinite. First, find a path R of order type w in My41 \ (Mo U{Za,ya}) so that

|Rﬁ Ng(yaﬂ) NAN Ma+1 \Ma| Z w

and R starts at a point r so that [Ng(r) N Aay1 \ Aol > cf(v) where v = |Aq41 \ Aol The only
difficulty here is to find such an r; if k is limit we can use #, to find a path Q € M,4+1 concentrated
on A of size [My+1|T and r can be chosen to be the first |cf(v)|-limit of @ (note that v < |Ma41]T).
A finite segment of @) connects r to some ' € Q N A and we continue to construct R from this finite
path. If s is a successor then we must have x = v+ (by the definition of a nice sequence of models)
and note that |[Ng(ya+v) N A\ Aol > cf (v) for any o < k. Reflecting this property into Myy1 we find
Y& € May1\ (Mo U{Za,ya}) so that {y,a} € E,z € A and |[N(y) N Apt+1 \ Aa| > cf(v). We can start
R by y and z and connect the rest of the points using that A is k-unseparable in M,41 \ M,.

Now, we construct S with the above required properties so that it has order type v + w and R is the
last w many points of S. Indeed, #, implies that G | (VN My41 \ (Mo URU{y,})) contains a path of
order type v concentrated on A,41 \ Aq so by applying Lemma 3.1.3 we can find a path S’ starting at
Zq, concentrated on A and of order type v which covers Aq41 \ (Ao U R) while Ng(r) N A is cofinal in
S’; we set S = 5’ R which finishes the proof.

O

3.2 The existence of monochromatic paths

Our goal in this section is to find large monochromatic paths in certain edge coloured graphs G by
finding a set A C V(G) which satisfies all three conditions of Lemma 3.1.8.
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3.2.1 Preparations

As we stated in the introduction, we aim to deal with certain non-complete graphs:
Definition 3.2.1. We call a graph G = (V, E) -complete iff |V| > x and
[V \ Ng(2)| < k
forallz e V.
Let us start with some basic observations.
Observation 3.2.2. 1. Any k-complete graph G = (V, E) is |V|-complete.

2. If G =(V,E) is k-complete then any subset X € [V]" spans a k-complete subgraph.

Proof. (1) If G is k-complete then |V| > « and hence |V \ Ng(z)| < & < |V] for all x € V. Thus G is
|V'|-complete.
(2) If X CV has size x then |X \ Ng(x)| < |V \ Ng(z)| < &. O

In order to carry out our proofs we need to introduce a class of graphs closely related to Hy .

Definition 3.2.3. We say that a graph G = (V, E) is of type Hy, , iff V.= AU B where A ={a¢ : £ <

"'@}; B = {bg €< /@} are 1-1 enumerations and
{a,b} € E(GQ) if a = ag,b="b¢ for some § < ( < k.

We will call A the main class of G and (A, B) with the inherited ordering is the Hy, ,-decomposition
of G. As before, we use the notation G [ A to denote G | {ag,be : § < A}

We will mainly apply this definition in two cases: when the classes A and B of the graph G of type
H, . are disjoint (i.e. G is isomorphic to the graph H, ) and when the main class equals V(G).

Observation 3.2.4. Suppose that G = (V, E) is a graph, A € [V]" for some cardinal k and A is the

increasing union of sets {Aq : @ < cf(k)} where |Ay| < k and
IN[Ao]| = &
for all a < cf(k). Then there is a subgraph H of G of type Hy, ., with main class A.

Proof. Find an enumeration A = {ag : £ < k} so that for every { < k there is a¢ < cf(k) with
{ag : £ <} C A, Hence
[N{ae : € < Gl = IN[Aa ]| = &.

Now, we can inductively find vertices be € N[{ae : £ < (}]\ {be : & < (} for all { < « and hence
AU {be : £ < Kk} is the type H, . subgraph. O

Observation 3.2.5. Suppose that G = (V,E) is of type Hy  with main class V.. Then there is a
k-complete graph embedded in G.
Conversely, if G = (V,E) is a k-complete graph of size k then G is of type Hy .. with main class V.
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Proof. If (A, B) is the Hy, ,, decomposition of G then we have B C A=V and G | B is the k-complete
subgraph.

Second, suppose that G is k-complete and list V' in type x as A = {a¢ : £ < k}. If K is regular then
N[{ae : € < ¢}] has size « for all ¢ < k hence Observation 3.2.4 finishes the proof.

If x is singular then let us take an increasing, continuous and cofinal sequence {k, : @ < ¢f(k)} in
rand let Aq = {a¢ : £ < ko, [V \ N(ag)| < ka} € [V]<". Note that V = U,.fx)

union of sets of size < k and N[A,] has size k. Again, Observation 3.2.4 can be applied to this new

A, is an increasing

enumeration which finishes the proof. o

Observation 3.2.6. Suppose that H is of type H, , for some cardinal k. Then there is a path of order

type k which covers and is concentrated on the main class of H.

This result is trivial for the graph H, ., however we have to be somewhat cautious when the two

classes of H intersect.

Proof. Let A ={a¢ : §{ <k}, B = {be: £ < k} witness that H is of type H, ,. We define an increasing
sequence of paths {P, : o € D} where D = {& < K : e is a limit of limits} by induction on « such that

1. P, is a path concentrated on A,
2. P, N Ais a cofinal subset of P,,
3. P,CH|a+w+w, and

4. P, covers ag,

for all o € D.

Let us define Py inductively as (p°

» i € w) where

aj where [, = min{l € w: a; ¢ {pY, : m < n}} if n is even,

n

0
pn =
butk, where k, =min{k € w:b,x ¢ {p?, :m <n}}ifnis odd.

Suppose that P, is defined for a < 8 where 5 € D and let Pcg =|J{Py:a € BN D}. Let
0 =min{¢ € k: (P<gU{ag}) C H | (}.
It is easy to see that ¢ < 5. Observe that P<g~(bs+.) is a path concentrated on A. Let

Pg™(bs+w) if ag € P<p” (bstw)

P_ =
5 . . -
Peg™ (bstw; ag, bsrwr1) if ag & Pep™ (bstw)-

By induction on n < w, define

5 as+i, where [, = min{l € w: as41 ¢ Py U {p2 :m < n}}if nis even,
b =

bs+w+tk, where k, = min{k € w : bswir ¢ Py U {p2, :m < n}}if nis odd.

We let
Ps = Py " (p))new-
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Finally, set P = |J{P, : @ € D} and note that P is a path concentrated on A which also covers A.
O

Let (IH)y,» denote the statement that

for any r-edge colouring of a graph G of type H, , with main class A, there is an X C A of size &

and 7 < r so that X satisfies all three conditions of Lemma 3.1.8 in colour 3.

Let (IH), denote

(IH),» holds for all r € w.

Note that in Lemma 1.3.5 we showed that (I H),, holds. Furthermore:

Observation 3.2.7. For any G of type Hy ., the main class of G satisfies all three conditions of Lemma
3.1.8. In particular, (IH),1 holds for all k.

Proof. Fix G of type Hy , with main class A = {a¢ : £ < } and second class B = {b¢ : £ < K}; we
suppose k > w. A is clearly k-unseparable and #, is satisfied by Observation 3.2.6 and Observation
3.1.7. Now, for the third property take any nice sequence of elementary submodels (M4 )q<cf(x) covering
A with A,G € M; and suppose that the enumeration {a¢ : £ < s} is also in M;. Let x5 = ag,,ys = be,,
where g = min(x \ Mpg).

Now {xs,ys} € E, z3,ys € Mpy1 \ Mg and we need to show that

IN(ys) N AN Mg\ Ma| 2w
for all & < . Fix o < 8 and look at &, = min(k \ My). As &, < o +w < &, we get that

{ag.+i i <w} C N(yg) NAN Mg\ M,.

From now on in this section, we work towards showing that (I H), holds for all &.

3.2.2 The first main step

We wish to determine if a subset A of an edge coloured graph satisfies condition (3) of Lemma 3.1.8 in

a given colour.

Lemma 3.2.8. Let k be an uncountable cardinal. Suppose that c is an r-edge colouring of a graph
G = (V,E) of type H,, ,, with H, ,-decomposition (A, B). Ifi <r then either

(a) A satisfies condition (3) of Lemma 3.1.8 in colour i, or

(b) there is A € [A]<* so that A\ A is covered by a graph H of type H, . with main class A\ A so that
i ¢ ran(c | E(H)).
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We need the following claims:

Claim 3.2.9. Suppose that k > cf(k) = p > w, ¢ is an r-edge colouring of a graph G = (V, E) of
type Hy . with Hy -decomposition (A, B). Suppose that {My : a < u} is a nice k-chain of elementary
submodels covering V. with G, A, B,c € My. If i < r then either

(a) thereis a club C' C p so that for every B € C thereis xg € A\Mpg,yg € B\ Mg such that c(xg,yz) =i
and
|N(y57i)mAmM5\Ma| > w

for all o < B, or
(b) there is A € [A]<* so that A\ A is covered by a graph H of type H, . with main class A\ A so that
i ¢ ran(c | E(H)).

Proof. Suppose that (a) fails i.e. there is a stationary set S C p so that forall 5 € S and z € A\ Mg,y €
B\ Mg with c(x,y) =i we have
|N(y, i) NAN Mg\ My| <w

for some o < .

Let G4 = (V,c¢ *(r\ {i})). Note that

Observation 3.2.10. If there is an a € S and A < k so that
B ON(,1)| < A

for every x € A\ M, then (b) holds with A= AN M,.

Indeed, we can apply Observation 3.2.4 to A\ A in the graph G;.
Otherwise, we distinguish two cases:
Case 1: « is regular. Recall that we have M, N« € x and hence x € AN M,,y € B\ M, implies
{z,y} € E.
Select x5 € A\ Mg and yg € B\ Mg with ¢(zs,yg) = ¢; this can be done by Observation 3.2.10.
Hence
|N(y5,i)ﬂAﬁM5\Ma| <w

for some o < 8. That is, there is a(8) < £ so that
N(yg,i) NAN Mg C Ma(ﬁ)

for all 8 € SNlim(w;) (where lim(w;) denotes the set of limit ordinals in lim(wy)).

Apply Fodor’s pressing down lemma to the regressive function 8 — «(8) on the stationary set
S Nlim(w;) and find stationary T C S Nlim(wy) and & € k so that a(8) = & for all § € T. It is easy
to see that (b) is satisfied with A = AN Ms. Indeed, if z € Ay = ANM,\ A and 8 € T\ a then
{z,ys} € E and c(x,yg) # i (for any o € K\ &). In turn

NG [Aall = Hys - B €T\ a}] 2 k.

Hence we can apply Observation 3.2.4 to A\ Ain G;.



CHAPTER 3. PATH DECOMPOSITIONS OF UNCOUNTABLE GRAPHS 36

Case 2: k is singular. Recall that ko, = |M,]| is a strictly increasing cofinal sequence of cardinals
in k\ ¢f(k). Select x5 € A\ Mg and find Y3 € [B \ Mg]”g so that Yz C N(xg,i) for each 8 € S; this
can be done by Observation 3.2.10. We can suppose, by shrinking Y3z, that there is a finite set Fz and
a(B) < p with

Fg = N(y,i) N AN Mg\ Myg)

for all y € Y3. The importance here is that «(3) and N(y,i) N AN Mg\ M) does not depend on
y € Y3 which can be done as there are only |5]| choices for a(f5) and kg choices for Fi while fi;g choices
for y € V3.
Apply Fodor’s pressing down lemma to the regressive function 8 — «(8) and find a stationary T' C S
and @ € cf (k) so that a(B) = @ forall B € T. Let A = (ANMa)UU{Fs : B € T} and note that |A| < &.
As before, if 2 € Ay = ANM,\ A and 8 € T\ a then {z,y} € E and ¢(z,y) # i for any y € Y3 and

a € k\ a. Inturn
INo[4all 2 1| JYs : €T\ a}| 2 k.

Hence we can apply Observation 3.2.4 to A\ Ain G;.
O

Claim 3.2.11. Suppose that kK > w = cf(k) and c is an r-edge colouring of a graph G = (V, E) of
type Hy, o with Hy -decomposition (A, B). Suppose that {M, : n € w} is a nice k-chain of elementary
submodels covering V- with G, A, B,c € My. If i < r then either

(a) there is an increasing sequence {ny : k € w} C w with ng = 0 such that for all k < w there is

o € A\ My, ,yx € B\ My, ., with c(xk,yx) =1 and

k+1

|N(ykai) nNAN Mnk+1 \Mnk| > w,

or

(b) there is A € [A]<" so that A\ A is covered by a graph H of type H, . with main class A\ A so that
i ¢ ran(c | E(H)).

Proof. Suppose that (a) fails; hence there is an ¢ € w such that for every x € A\ M,,,y € B\ M, with
c(x,y) = i we have
IN(y, i) N AN M, \ Mj| <w

for alln € w\ £.

Observation 3.2.12. If there isn € w and A < k so that N(x,i) < A for all x € A\ M, then (b) holds
with A= AN M,.

Indeed, we can apply Observation 3.2.4 to A\ A in the graph G; = (V, ¢ (r\ {i})).
Otherwise, we can select 2 € A\ M, and Y,, € [M,, \ My]™M»I" with Y, C N(zp,i) for all n € w \ .
We can suppose, by shrinking Y,,, that there is a finite a,, C AN M, so that

N(y,i) NAN My, \ My =an,

forall y € Y,,. Let A= (AN M;)U{an :n € w\ £}. As before, in Case 2 of the proof of Claim 3.2.9,
applying Observation 3.2.4 to A\ Ain G; finishes the proof.
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Hence, we arrived at the

Proof of Lemma 3.2.8. Assume that (b) fails in Lemma 3.2.8. Hence condition (b) of Claim 3.2.11 (if
cf(k) = w) or 3.2.9 (if ¢f(k) > w) fails for colour ¢. In turn, we have a nice sequence of elementary
submodels satisfying condition (3) of Lemma 3.1.8 in colour ¢ by condition (a) of Claim 3.2.11 or 3.2.9.

O

3.2.3 The second main step

Now, we would like to determine if, in an edge coloured graph of type H, ., a k-unseparable subset

satisfies #,, in some colour.

Lemma 3.2.13. Let k be an infinite cardinal. Suppose that c is an r-edge colouring of a graph G =
(V,E) of type Hy . with Hy .-decomposition (A,B). Let I € [r]<", X € [A]" and suppose that X is
k-unseparable in all colours i € I. If (IH)x holds for A < k then either

(a) there is an i € I such that X satisfies By ;, or

(b) there is X € [X]|<" and a partition {X; :j € r\ I} of X \ X such that
IN(z,/) AN/, ) 0 Bl = s
forallz,2’ € Xj andjer\ 1.

In particular, the sets X; given by condition (b) are k-unseparable in colour j in X; U B.

Moreover, if B C X then there is j € I\ 1 so that X is k-connected in colour j.

The proof of Lemma 3.2.13 (at the end of Section 3.2.3) will be achieved through a series of claims
below. The main application of Lemma 3.2.13 is in the proof of Theorem 3.2.20.

Definition 3.2.14. Suppose that X is a cardinal, G = (V, E) is graph with an r-edge colouring c. A
A-configuration in colours I C 7 is a pairwise disjoint family X = {a¢ : £ < A} C [V]<¥ and points
Y ={ye : £ < A} such that

v € | JIN (@, i)z € ae,iel}

foralle < <A

Claim 3.2.15. Suppose that X is a cardinal, G = (V, E) is graph with an r-edge colouring c. Let X,Y
be a A-configuration in colours I C r. Suppose that for each i € I there is Y; C V so that |JX is
A-unseparable in colour i inside V; = | J X UY].

Then (IH)y, 1| implies that there is an i € I and a path P in colour i concentrated on |J X which is
inside V; and has order type A.

Proof. Let X = {a¢ : £ <A} and Y = {y¢ : £ < A} denote the A\-configuration. By setting a; = J{a¢+i :
i < [I| +1} and yg = yey 7141 for £ < A limit we get that for all limit ordinals £ < ( < A there is an
i € I so that

{z € ag : c(x,yp) =i} > 2.
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As {aé 2 € < X limit}, {yfg. : € < X limit} is also a A-configuration in colours I, we will suppose that the
original A-configuration had this property already.

Also, by thinning out, we can suppose that [ JX NY =0 and for all i € I, { < X and x, 2" € a¢ there
are A\ many disjoint finite --monochromatic paths in V; from z to x’ which avoid ) and all other points
of JX.

Define a colouring of the graph Hy ) by

d((f,O), (gv 1)) = iff |{$ € ag: c(x,yg) = Z}l > 2

and ¢ is minimal such. Note that d is well defined by our previous preparation. Now (I H) »,|7] implies

that there is a path @ of colour ¢ and size A concentrated on the main class of H) ) for some i € I.

Subclaim 3.2.16. There is a path P of colour i and order type X in G [ V; concentrated on |JX.

Proof. Let Q = {q, : v < A} witness the path ordering; recall that each point ¢, in @ corresponds to
a finite set ag(,) or a single vertex {y¢(,} from the A-configuration and we identify g, with this set.
Moreover, g, must be of the form ye(,) for every limit v < A as @ is concentrated on the main class of
H) ».

Our goal is to define disjoint finite paths R, of colour ¢ in G | V; so that ¢, C R, while the
concatenation (R, : v < \) gives a path of colour ¢ in G [ V.

Construct (R, : v < A) by induction on v < X so that
(i) R, is a finite path of colour ¢ in G | V; and R, N (JX UY) = q,,
(i) ReNR,=0ifv<p <A,
(iii) Ry = qv if v = {ye }
moreover, if g, = ag,) then v = i + 1 and we make sure that
(iv) the first point of R, is a vertex v € ag(,) so that c(v,ye(,)) = i, and

(v) the last point of R, is a vertex w € ag(,) so that c(w, ye(41)) = i.

Ag(v)

M) ® Ye(v+1)

Figure 3.3: Constructing R, .

If we can achieve this, (R, : ¥ < A) gives a path of colour i concentrated on A.
Note that the only difficulty in this construction is to satisfy the last two requirements; indeed, we
always have A many disjoint finite paths of colour ¢ connecting two arbitrary points of any a¢ (avoiding

all other points in question).
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How to find the first and last point of R, if ¢, = a¢,)? As v = p+ 1 for some y < A and by the

definition of a path and the colouring d on Hy ) we have
c(v, Ye(uy) = @ for some v € ag(,)

and we pick a single such v € ag(,) which in turn satisfies (iv) above.

Second, d(qy,qv+1) = @ hence {x € ag(,) : ¢(x, Y 41)) = i} has at least two elements so we can pick

w € {z € ag) : c(x, Ye(u41)) = i} \ {v}

which will satisfy (v) above.
O

O

Claim 3.2.17. Let x be an infinite cardinal and A < cf (k). Suppose that ¢ is an r-edge colouring of a
graph G = (V, E) of type H, ,, with Hy .-decomposition (A, B) and let I C r. If for every A e [A]<N
there is a € [A\ A]<“ so that

|B\U{N(Jc,i) crxeaiel}| <k

then there is a A-configuration X,) in colours I so that |JX C A.

Proof. We build the sequences X = {a¢ : £ < A} and Y = {ye : € < A} inductively so that
|B\U{N(Jc,i) trx€ag i€l <k

for all £ < X. Given {ag : £ < ¢} and {ye : € < (} we set A= U{ae : € < ¢}. Our assumption gives a
finite set ac € [A\ A]<“ so that

|B\U{N(Jc,i):x€a<,iel}| < K.

As X = U{ae : £ < ¢} has size < A < ¢f(k), X is contained in an initial segment of the Hy .
ordering. In turn,

IN[Xc]| = k.
Finally, as |X¢| < &, the set
Ve={ye N[Xc]:VE <y e N(w,i) 1o € ag,i € T}}

has size k. Picking y¢ € Y¢ \ {ye : € < ¢} finishes the proof. O

Claim 3.2.18. Suppose that c is an r-edge colouring of a graph G = (V, E) of type H, ,, with H, ,-
decomposition (A,B). Let I Cr and X C A. If

B\ {N(z,i):x €a,ie T} =k
for all a € [X]<“ then there is a partition {X,;: j € r\ I} of X so that

IN(z,5) " N(',j) N Bl =
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forallz,o’ € Xj and jer\ 1.
In particular, the sets X; are k-unseparable in colour j in X;UB and if B C X then there is j € I\r

so that X; is k-connected in colour j.

Proof. Take a uniform ultrafilter U on B so that
B\U{N(Jc,i) cxe€aieltelU

for all @ € [X]<“. Define X; = {x € X : N(z,j) € U} for j < r and note that X; = 0 if j € I while
{X; :j € r\ I} partitions X.
It is clear that
IN(z,j) N N(z',j)N Bl =k

for all z,2" € X; and j € v\ I and hence X; is k-unseparable in colour j. Furthermore, if B C X then
there is a j € r \ I so that X; N B € U and hence X is k-connected in j as

IN(z, /)N N, j)NX;| =k

for all z,2" € X;. O
Claim 3.2.19. Suppose that H is of type Hy, , with classes A, B and A\ < k. If there is no A-configuration
X,Y with \|JX C A then there is A € [A]<" so that

|B\U{N(Jc,i):x€a,iel}| =K

for all a € [A\ A]<¥.

Proof. First, suppose that x = ¢f (k). Apply Claim 3.2.17 to the graph H and A = « and find A € [A]<*
so that
|B\U{N(Jc,i) cxeaiel}|=k

for all a € [A\ A]<¥.

Second, suppose that x > cf(x) and fix an increasing cofinal sequence of regular cardinal (ka)a<cf(x)
in k so that kg > A. Let H, denote H [ ko; H, is a graph of type H,_ .. and let A,, B, denote the
two classes. Note that H, still has no A-configuration in colours I and hence we can apply Claim 3.2.17
to the graph H, with A < kq: there is A, € [A4]<* so that

|Ba\U{N(Jc,i):x€a,i€I}| = Ko

for all a € [A, \Aa]<“’.
Let A = |J{A, : a < ¢f(k)} and note that |[A| < ¢f(k)-A < k. Now, if a € [A\ A]<“ then a C A, \ Aq

for any large enough a < ¢f(k) and hence
1Ba \ | J{N(2,4) : 2 € a,i € T} = ko
for any large enough a < ¢f (k). In turn

|B\U{N($,i):x€a,iel}|:m.
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O

Proof of Lemma 3.2.13. Suppose that condition (a) fails. In particular, for all ¢ € I there is \; < k and
X7 C A of size less than & so that there is no path of colour 7 concentrated on X and order type A;
disjoint from X . Let A = max{); : i € I} and X* = |J{X; : ¢ € I'}. Now, there is no path of colour
1 € I and of order type A in X \ X* concentrated on X.

Now find a graph H of type H, . in G with main class X \ X* and second class B’; this can be done
by Observation 3.2.4. As (IH), || holds, Claim 3.2.15 implies that there is no A-configuration &', ) with
UXCcx\x~

Apply Claim 3.2.19 in H and find A € [X \ X*]<* so that

|B’\U{N(x,i):x€a,i€]}| =K

for all @ € [X \ (X*U A)]<¥. Hence Claim 3.2.18 applied to X \ (X* U A) provides the desired partition
and hence clause (b) of Lemma 3.2.13.
(]

3.2.4 The existence of monochromatic paths

We arrived at our first main result which shows, together with Lemma 3.1.8, the existence of large

monochromatic paths in edge coloured graphs of type H, ,:

Theorem 3.2.20. (IH), holds for all infinite k. In particular, if G is a graph of type Hy . with a
finite-edge colouring then we can find a monochromatic path of size k concentrated on the main class of

G.

Proof. We prove (IH),, , by induction on « and r € w. (IH), holds by Theorem 1.3.7 so we suppose
that £ > w. Also, (IH),,1 holds by Observation 3.2.7.

Now fix an r-edge colouring of a graph G of type Hy , with H, ,-decomposition (A, B).

First, we can suppose that any X € [A]" satisfies condition (3) of Lemma 3.1.8 in all colours. Indeed,
given X we can find a graph Hy of type H,, ,, in G with main class X (by applying Observation 3.2.4).
Given any colour ¢ < r, Lemma 3.2.8 applied to Hy and colour ¢ tells us that if X fails condition (3) of
Lemma 3.1.8 in colour ¢ then we can find a graph H; of type H . (with main class X minus a set of
size < k) which is only coloured by 7\ {i}. Hence we can apply the inductive hypothesis (IH), -1 to
H; which finishes the proof.

Now, find a mazimal I C r so that there is X € [A]" such that X is s-unseparable in all colours

i € I. Fix such an I and X. The following claim finishes the proof.

Claim 3.2.21. There is i € I such that &, ; holds for X.

Proof. Suppose that X fails #,, ; for all ¢ € I. If |I| < r then apply Lemma 3.2.13 in G to the set X and
set of colours I. As X fails #,, ; for all ¢ € I, condition (b) of Lemma 3.2.13 must hold; in turn, there is
a colour j € r\ I and a set X; € [X]" so that X, is k-unseparable in colour j as well. The fact that X;
is k-unseparable in each colour ¢ € I U {j} contradicts the maximality of I.

Hence I = r must hold. Now, for each ¢ < r there is \; < k and A C A of size less than s so that
there is no path of colour i concentrated on X which has order type A; and is disjoint from A}. Let

A* =max{\; : i <r} and A* = [ J{A} : i <r}. Now, there is no path of colour i < r and of order type
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A* which is concentrated on X and is disjoint from A*. There is a graph H of type Hy, ,, in G with main
class X\ A* (by Observation 3.2.4) and the initial segment H | A\* is of type Hx- x-. As (IH)x+ , holds,
we can find a path of type A\* in H [ A\* which is concentrated on the main class and hence on X. This

path is also disjoint from A* which contradicts our previous assumption. O

O

3.3 The first decomposition theorem

Our goal now is to prove a path decomposition result for a large class of bipartite graphs which contains
Hy .

Definition 3.3.1. Suppose that G = (V, E) is a graph, A CV and k is a cardinal. We say that A is
(A, k)-centered (in G) iff A= {(AL)a<, : i € I} is a finite set of increasing covers of A and
[Ne[()45]1 =«
iel
for all (c;)ier € Wier ;.
ﬁ

In this section, A will always denote a finite set of increasing families (indexed by I) and X\ = (\;)ier

denotes the length of these families.
% .

Given A and @ = (@;)ier € IIX we will write [] 4 for MNicr As,- We call sets of the form [@].4 an
A-box. Furthermore, o< F will stand for a; < 3; for all i € I.

Note that if A is (0, x)-centered then |Ng[A]| = k. Also, the main class of a graph G of type H,; ,; is
clearly (A, k)-centered where A is a single increasing cover formed by the initial segments of the H,,

ordering.

Our final goal in this section is to prove the following:

Theorem 3.3.2. Suppose that G = (V, E) is a bipartite graph on classes A, B where |A| = k. Suppose
that A is (A, k)-centered for some A. Then for any finite edge colouring of G, A is covered by disjoint

monochromatic paths of different colours.
We start with basic observations:
Observation 3.3.3. Suppose that A is (A, k)-centered in a graph G and o, F € HY.
1. @ < B then [@)a C [Bla and hence No[[Ba] € Nol[@al;
2. Nal[714) € Nel[@)a] N No[[B4] for v = max<{@, B};
3. for every finite F C A there is an A-box Z covering F'.

In particular, any two points of A are joined by k-many disjoint paths of length 2 and hence A is

Kk-unseparable.

Given a set of increasing covers A = {(A!)a<r, : i € I} of A and X C A we write A | X for
{(AL N X)aen, 1 €T}

_>
Observation 3.3.4. Suppose that A is (A, k)-centered in a graph G. Let X C A, @ € X and H denote
the subgraph in G spanned by X U Ng[[@']a]. Then X is (A | X, k)-centered in H.
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Observation 3.3.5. Suppose that (Afx)a<ii
A and A denote {(A!)acy, i€ I} and {(Afx)ad\,_- : 4 € T} respectively. Then a set of vertices A in a
graph G = (V, E) is (A, k)-centered iff (/L K)-centered.

In particular, we can always suppose that A; = cf(\;), each cover is strictly increasing and hence
Ai <A

is a cofinal subsequence of (A%)a<n, for each i € 1. Let

We say that a set of vertices Y C V is (A, k)-dense iff
Y N Ne[[d]all > &

for all o € HY.

Observation 3.3.6. Suppose that A is (A, k)-centered in a graph G and Y CV is (A, k)-dense. Then
1. Y N Ng[[@] 4] is (A, k)-dense for all @ € HY,
2. forany X C A, X is (A ] X,k)-centered in G [ (X UY).

Our first non-trivial result connects the previously developed theory of H . to this new notion of

(A, k)-centered subsets.

Lemma 3.3.7. Suppose that G = (V, E) is a bipartite graph on classes A, B where |A| = k, and A is
(A, k)-centered for some A. Then there is a copy H of the graph H, ., with main class X C A.

Proof. We can suppose that A\; = ¢f(\;) < k for all ¢ € I by Observation 3.3.5. Find a maximal J C I
such that there is a; < A; for j € J so that X_1 =,
which case X_; = A. Note that X_; = [J{X_1 N A%, : o < \;} is a union of sets of size < x and hence
cf(k) < X =cf(N) forall i € T\ J. Without loss of generality, I # J otherwise K, , embeds into G.

Let us fix J, aj and A7, as above.

A{Xj has size x. Note that J might be empty in

First, suppose that « is a limit cardinal and take a strictly increasing cofinal sequence (k¢ )e<. F(r) In
. Now inductively find (a;(§))icr\s € Hien si for £ < cf(x) so that (ai(§))iern s < (i(())iers and

Xe=X_1N m Afxi(&) has size at least x¢

i€I\J

for all £ < ( < ef(k).
Suppose (;(€))icr\s is constructed for & < (. List I\ J as {io,...,im}. First, find a;,(¢) € Ay, \
sup{ai, (§) : £ < ¢} such that
i +
|X_1 N A;m(C)' > KCm.

If we have a;,((), ..., ai,_, (¢) for some k < m so that

3 +m—k
(XN ()AL o 2w
<k

then find «;, (¢) € A, \ sup{a, (§) : £ < ¢} so that

7 +m—k—1
|X 4 mlnkAaln(O' > K .
<
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Let X = |J{X¢: € < cf(k)} and note that X, has size < k and |N[X¢]| = « since X¢ is an A-box
for each € < ¢f (k). Observation 3.2.4 can be applied now to find a copy H of Hy , with main class X.
If k = p we inductively find (@;(€))ien s € Iien sAi for £ < cf(k) so that

Xe=X_1N ﬂ Agi(f) has size u
iel\J

and X¢ C X¢ for all § < ¢ < k. First, note that \; =  for all i € I\ J. As before, suppose (;(£))ien s
is constructed for § < ¢ and list I\ J as {ip,...,4m}. Fix 2 € X1\ U{X¢ : £ < ¢}. Suppose we have
@i (€), ey vy, (€) for some k < m so that

X (AL ol =n
1<k

and z € X_1 N(;., A .. We claim that there is a;, (¢) € r \ sup{ay, (€) : € < ¢} so that
K

©

X0 Azil(o' =H
1<k

and x € X_1 N[« Af; ©) Indeed, we cannot write a set of size y as an increasing union of ™ sets of
= ll

size < (.
Finally, let X = |[J{X¢ : £ < k}. As before, X, has size < x and |[N[X¢]| = & for each { < k. Hence
Observation 3.2.4 can be applied to find a copy H of H,; , with main class X. O

The next lemma shows that the property of being “(A, k)-centered for some .A” is inherited by

subgraphs in a strong sense.

Lemma 3.3.8. Suppose that G = (V, E) is a bipartite graph on classes A, B and A is (A, k)-centered
for some A. Suppose that H is a subgraph of G such that

[Nglz] \ Nulz]| <

forallz € X =V (H)N A. Then there is a finite A" O A X so that X is (A, k)-centered in H.

Proof. We define A’ by extending A [ X with at most two new covers depending on the size of X and
on k being a limit or successor cardinal.
First, if X happens to have size x then let (Xg)a@f(,{) be an increasing sequence of subsets of X of
size less than x with union X. We put (X9)a<cp(r) into A" if [ X| = k.
Second, if  is a limit cardinal then let us take a strictly increasing cofinal sequence (Kq)a<cf(x) i
K and let
X} = {a € X ¢ [Ngle]\ Nalel] < ra}

for a < ¢f(k). We put (X2)a<cr(s) into A’ as well if £ is a limit.
Let us show that A’ works. If Z C X is an A’-box then |Z] < k and there is A < & such that
|INg[z] \ Nu[z]| < A for all x € Z. In particular

| | Nela] \ Nulz]| < [2]- X < 5.
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Also, |Ng[Z]| = k as Z is contained in an A-box. Hence the set

Nu[Z] = Na[Z]\ (| Nelz]\ Nglz])
rx€e”Z

has size k.
O

Lemma 3.3.8 is the reason we work with this new class of bipartite graphs instead of H,, ... Note that
if X is a subset of the main class of H,, , then X is not necessarily covered by a subgraph isomorphic to
H) » for some A < k.

The next lemma is our final preparation to the proof of Theorem 3.3.2.

Lemma 3.3.9. Suppose that G = (V, E) is a bipartite graph on classes A, B where |A| = k and A is
(A, k)-centered for some A. Let ¢ be a finite edge colouring of G and suppose that G is a subgraph of
G with classes V(Go) N A= Ay and V(Go) N B = By. If

1. |Ao| = Kk and By is (A, k)-dense in G, and
2. |ran(c | E(Go))| is minimal among subgraphs of G satisfying (1)
then

3. for every i € ran(c | E(Go)) and every X € [Ag]™ there is a set of k independent edges {{w,Ya} :
a <k} Ce (i) sothat {ze :a <k} C X and {ys : o < k} is (A, k)-dense in G.

Proof. Suppose A = {(A%)p<x, : i € I} and Y = (N\i)ies as before. Again, we can suppose that HY
has size < k by Observation 3.3.5. Take a subgraph Gy of G which satisfies (1) and suppose that (3)
fails; we will show that |ran(c | E(Gyp))| is not minimal i.e. (2) fails.
Let i € ran(c [ E(Gp)) and X € [Ap]” witness that condition (3) fails. Enumerate TN as () :¢<
k} such that each d e HX) appears k times. Start inductively building independent edges {{z¢, ye} :
€ < ¢} C e i) from X so that ye € By N N[ (€)]4]. There must be a ¢ < & such that we cannot
pick {z¢,yc}. That is, every edge from X \ {ze : € < ¢} to By N Ng[[@(¢)]a] \ {ye : € < ¢} is not
coloured i. Let A; = X \ {z¢ : € < ¢} and By = By N Ng[[@(¢)]a] \ {ye : € < ¢}. Tt is easy to sce
that G1 = Gy | A1 U By satisfies (1); indeed, A; has size x and Observation 3.3.6 implies that B is
(A, k)-dense in G. Finally, i ¢ ran(c [ F(G1)) implies |ran(c | E(G1))| < |ran(c | E(Go))| and we are
done.
O

Proof of Theorem 3.3.2. We prove the statement by induction on r > 1 for every G = (V, E), A and ¢
simultaneously.

First, suppose r = 1. Lemma 3.3.7 implies that we can find a copy H of Hy . in G with main class
X C A. Hence, by Theorem 3.2.20, there is a path P of size x which is concentrated on X. As A is
r-unseparable (by Observation 3.3.3) we can cover A by a single path in G using Lemma 3.1.3.

Now, suppose we proved the statement for r — 1 and fix G = (V, E), A and an r-edge colouring c.
We will show that there is a colour ¢ < r and a path P of colour i in G such that A\ P is one class of a
bipartite subgraph G of G so that

(i) V(Gi)npr =0,
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(i) ¢ ¢ ran(c | E(Gy)),
(iii) A\ P is (A, k)-centered in G for some finite A’ O A.

Once we find such a path P and subgraph G, applying the inductive hypothesis finishes the proof.
First, take a subgraph Gy of G with classes V(Go) N A = Ay and V(Go) N B = By such that

1. |Ag| = k and By is (A, k)-dense in G, and
2. |ran(c [ E(Go))| is minimal among subgraphs of G satisfying (1).

Find a partition of By into B) and B} so that both sets are (A, x)-dense in G. Let G = Go |
(Ao U BY) and note that ran(c | E(G})) = ran(c | E(Gp)) by (2). Hence, by Lemma 3.3.9, for every
i € ran(c | E(Gyp)) and every X € [Ag]” there is a set of k independent edges {{Za,ya}: @ < K} C ¢ 1(4)
so that {z, :a <k} C X and {y, : o <k} C B} is (A, k)-dense in G.

Now, embed a copy H of Hy , in G using Lemma 3.3.7. By Theorem 3.2.20, we can find i < r and
a set X in the main class of H which satisfies all three conditions of Lemma 3.1.8 in colour i. By (2),
there is a set of k independent edges {{Za,ya} : @ < k} C ¢ (i) in G§ so that {x, : o < K} C X and
Y ={ya : @ <k} C B} is (A, k)-dense in G.

- copy of Hy L edges of colour i
BY -f B}

AN Y 0

L KU .
AN «///
LI W W WA
TERVANY7 4
1
A X Ag

Figure 3.4: Preparing the cover of A.

Let
X=XU{zre€A:|Ng(z,i)nY|=r}.

Note that X is still k-unseparable in G.

Claim 3.3.10. There is Y1 € [Y]" so that Y1 is (A, k)-dense in G and
[No(z,3) VY \ Yi| =
forallz € X\ X.

Proof. The proof goes by an easy induction of length k. O

Note that X still satisfies all three condition of Lemma 3.1.8 in V'\ ¥; and |Ng(z,i) NY;| < & for all
x € A\ X. Now find a path P of colour i in V' \ Y7 which covers X; this can be done by Lemma 3.1.8.
Note that A\ P is (A [ A\ P, x)-centered in G | (A\ PUY}) and the subgraph

Gi=(A\PUYy,ct(r\{i})
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satisfies the assumptions of Lemma 3.3.8. In particular, A\ P is (A’ k)-centered for some finite
A’ D A in G;. This finishes the proof.
O

3.4 The main decomposition theorem

At this point, it would be rather easy to show (using Theorem 3.3.2) that every k-complete graph is
covered by 2r (not necessarily disjoint) monochromatic paths. However, we prove the following much

stronger theorem which is the main result of this chapter:

Theorem 3.4.1. Suppose that ¢ is a finite-edge colouring of a k-complete graph G = (V, E). Then the

vertices can be partitioned into disjoint monochromatic paths of different colours.

Proof. We can suppose k > w. First, note that any k-complete graph G = (V, E) is actually |V-
complete; thus it suffices to prove the theorem for x-complete graphs of size x. The next arguments will

be reminiscent of the proof of Theorem 3.2.20.

Claim 3.4.2. Suppose that ¢ is an r-edge colouring of G with r € w. Then there is A € [V]* and i <r
so that A is k-connected in colour i < r and satisfies 8, ; in G [ A at the same time.
Proof. Suppose there is no such A. By a finite induction, we construct sets Ag 2O A; D ... of size k and

a 1-1 sequence ig, 41,... in r so that Ay is k-connected in colour iy.

Suppose k = 0. As G is of type Hy ., with main class V' (see Observation 3.2.5) we can apply Claim
3.2.18 with I = () and X = V. We find a colour iy and a set Ag of size x which is connected in colour ig.

Suppose k < r — 1 and we defined Ay. As A; must fail #,;; in G [ Aj; for all j < k, we have
Aj € [A;]=% and \; < k such that there is no path P in colour i; in G [ A; \ A} which is concentrated
on Aj; and has order type A;. Set A* = {4} : j < k} and A = max{)\; : j < k}. Note that
H=GT (A \ A*) is of type H, , with main class Ay \ A* and there is no A-configuration in colours
I ={i;:j <k} inside H. Indeed, otherwise Claim 3.2.15 would imply that there is a path of type A
in colour i; inside in G | A; \ A} for some j < k (recall that Ay \ A* is x-unseparable in colour i; in
G | Aj \ A}). Hence, Claim 3.2.19 and 3.2.18 implies that we can find a set Ayi1 € [Ax]" and colour
thy1 €7\ {i; 1 j < k} so that Agyq is k-connected in colour éjy.

Suppose we defined A,_;. By assumption, A,_; fails #,; in G [ A,_; for all i < r. However,
Theorem 3.2.20 implies the existence of a monochromatic path of size k in some colour ¢ < r which in
turn implies that #, ; must hold for some ¢ < r by Observation 3.1.7.

O

Claim 3.4.3. There are sets A,Y € [V]* andi < r so that Y C A and A\ Z satisfies all three conditions
of Lemma 8.1.8 in colour i in G | A\ Z for all Z CY. Moreover, we can suppose that A is a maximal

Kk-connected subset.

In particular, A\ Z is a single path of colour i for every choice of Z C'Y by Lemma 3.1.8.

Proof. This claim is proved by induction on r. If r =1 then let A =V and let Y C A such that A\ Y
and Y has size k. Given Z C Y, we know that G [ (A \ Z) is k-complete and hence of type H, ,, with
main class A\ Z. Hence, by Observation 3.2.7, A\ Z satisfies all three conditions of Lemma 3.1.8 in
G| (A\Z).
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Suppose that » > 1. Now, we can suppose that any set X € [V]* satisfies condition (3) of Lemma
3.1.8in G [ X in all colours i < r. Indeed, note that G [ X is of type H, , with main class X and
suppose X fails condition (3) of Lemma 3.1.8 in G [ X in some colour ¢ < 7. Now Lemma 3.2.8 implies
that there is X € [X]<" so that X \ X is covered by a subgraph H of G | X of type H, ,, with main class
X\ X so that i ¢ ran(c | E(H)). Without loss of generality V(H) N X = () i.e. V(H) is the main class
of H. Hence Observation 3.2.5 implies that we can find a x-complete subgraph G’ in H; the inductive
hypothesis can be applied to G’ as i ¢ ran(c [ E(G)).

Now, take A € [V]* which is a maximal k-connected subset in some colour ¢ < r and satisfies #,; ;
in G [ A; this can be done by Claim 3.4.2. It is easy to see that we can find Y € [A]" so that A\ Z
is still k-connected in colour i and satisfies #,; in G [ A\ Z for any Z C Y. Indeed, we construct ¥’
by an induction of length c¢f(k): let {ko : @ < cf(k)} be a cofinal sequence of cardinals in k (ko = A
if Kk = A1) and let A, € [A]"* increasing so that A = [J{4s : @ < ¢f(k)}. Define sets Y, € [A]"=,
W, € [A]"e for a < ¢f (k) so that Y, N W3z =0 for all o, 8 < ¢f (k) and

1. there are K, many disjoint paths of order type k., and colour ¢ in G [ W, concentrated on A, and

2. for any u # v € A,, there are k, many disjoint paths of colour ¢ from v to u in W, U {u,v}.

It is clear that Y = [ J{Ya : @ < ¢f(k)} is as desired. As A\'Y satisfies (3) of Lemma 3.1.8, we are done.
O

Find AY C V and i < r as in Claim 3.4.3 with A being a maximal k-connected subset in colour
i. Let X =V \ A. Let H denote the bipartite subgraph of G on classes X,Y where {v,w} € E(H) iff
veY,we X and ¢(v,w) # i. Note that

Y\ Ng(z)| < & for all z € X;

otherwise A U {x} is still x-connected in colour i.

If K denotes the complete bipartite graph on classes X,Y then X is ((), x)-centered in K. Further-
more, the subgraph H of K satisfies the conditions of Lemma 3.3.8 and hence there is a finite A’ so that
X is (A, k)-centered in H.

By Theorem 3.3.2, there is a set of disjoint monochromatic paths Q in H which covers X; recall
that ¢ ¢ ran(c | E(H)) and hence none of the paths in Q has colour i. Note that Z = UQ\ X C Y
and hence V \ UQ = A\ Z satisfies all three conditions of Lemma 3.1.8 in colour i in G | (V \ UQ).
In particular, V' \ UQ is a single path in colour ¢ and hence Q U {P} is a decomposition of V(G) into
disjoint monochromatic paths of different colours.

O

3.5 Open problems

It is a natural question if one can extend our result to infinite complete bipartite graphs:

Conjecture 3.5.1. Suppose that the edges of an infinite complete bipartite graph are coloured with r € w

colours. Then we can partition the vertices into 2r — 1 disjoint monochromatic paths.

Note that Theorem 3.3.2 implies that we can find a cover (not necessarily disjoint) by 2r monochro-

matic paths. Also, the conjecture holds for the countably infinite case by Theorem 2.4.1.
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3.5.1 Same problem, more colours

One can consider the monochromatic path decomposition problem when the edges of the complete graph
are coloured with infinitely many colours. There is a simple limitation of proving a monochromatic path
decomposition theorem, namely one might not be able to decompose the vertices into sets so that each
set is connected in some colour. This problem was investigated by A. Hajnal, P. Komjath, L. Soukup
and I. Szalkai in [44]. Let’s say that a p-decomposition of an edge coloured graph is a partition of the

vertices into u sets so that each set is connected in some colour. The following was proved in [44]:

Theorem 3.5.2 ([44]). 1. If p < w and kK > w then there is a p-decomposition for every p-edge

colouring of K.
2. Suppose GCH holds. If cf(r) = u™ then there is a u-edge colouring of K, with no u-decomposition.
3. Suppose M A, holds. Then there is an w-decomposition for every w-edge colouring of K,;.
4. If cf(k) > 2# then there is a p-decomposition for every p-edge colouring of K.

5. It is consistent that 2% is arbitrarily large and there is an w-edge colouring of K., with no w-

decomposition.

A possible first step towards a general result could be looking at the following Ramsey-theoretic
problem: let P denote the class of cardinals x such that for every edge colouring ¢ : [k]? — w of K,
there is a monochromatic path of size . It is easy to colour the edges of K, with w colours without
monochromatic cycles and hence w; ¢ P. Furthermore, note that if x satisfies the partition relation

k — (k)2 then x € P hence many large cardinals are in P.
Problem 3.5.3. Can we prove that P is non empty in ZFC? If so, what is min P ?

ws or ¢t seem to be natural candidates for min P.



Chapter 4

The chromatic number and

obligatory subgraphs

4.1 A brief history of the problem

A fundamental problem of graph theory asks how large chromatic number affects structural properties
of a graph and in particular, is it true that a graph with large chromatic number has certain obligatory
subgraphs? Let us review some of the most important results.

The first result in this area is due to W. Tutte, alias Blanche Descartes [10] (and independently A.
Zykov [105]): a construction of triangle free graphs of arbitrary large finite chromatic number. This

result was significantly extended by Paul Erdés:

Theorem 4.1.1 ([15]). For any natural numbers k,l € N there are graphs G of chromatic number > k
such that any cycle in G has size > 1.

Tutte’s result extends to arbitrary infinite chromatic number [26] but can we generalize the Erdds’
theorem to graphs with uncountable chromatic number? Note that there is no difficulty in constructing
a graph G with Chr(G) = w without small cycles; indeed, one takes disjoint copies of graphs G with
chromatic number > k without cycles of a given size.

In 1966 in their seminal paper, P. Erdés and A. Hajnal proved the following:

Theorem 4.1.2 ([20, Corollary 5.6]). Every graph G with Col(G) > w contains a copy of the complete
bipartite graph K, ., for eachn € w.

We present a simple proof of this theorem in Corollary 4.2.4. A particular consequence is that a copy
of a four cycle embeds into G if Chr(G) > w which is in striking contrast with the finite case and Erdés’
result. We mention that it was already shown in [20] that one can find graphs G with uncountable

chromatic number but without copies of K, . What can be said about odd cycles then?

Theorem 4.1.3 ([20, Theorem 7.4]). For each infinite k and j € w, there is a graph G of chromatic

number and size k such that G contains no cycles of length 2i + 1 for 1 <i < j.

In particular, a finite graph H embeds into every graph G with uncountable chromatic/colouring
number if and only if H is bipartite. However, any graph G with Chr(G) > w contains all sufficiently
large odd cycles [23, 97].
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Yet another consequence of Theorem 4.1.2 is that every uncountably chromatic graph G contains an
n-connected subgraph for each finite n (namely K, ). We will return to the connection of connectivity
and chromatic number in Chapter 5 and 6.

There is a lot more that can be said about finite subgraphs of graphs with uncountable chromatic
number, both results and open problems, but let us turn now to infinite obligatory subgraphs. A. Hajnal
and P. Komjath proved in 1983 the following

Theorem 4.1.4 ([42, Theorem 1]). The graph H,, ,+1 embeds into every graph G with Chr(G) > w.

Again, this result is included in our Corollary 4.2.4. Also, note that every graph G with Chr(G) > w
contains an infinite path (this was already proved in [20]) as H, .41 contains an infinite path. We
deal with generalizations of this fact in Section 4.3. Let us remark that Theorem 4.1.4 is sharp in the
following sense: H,, .42 does not embed into every graph with uncountable chromatic number. This was
first shown using CH in [42, Theorem 3], later in ZFC [64, Theorem 10] and we present another ZFC
example in Section 6.5.

Let us recall a result of Komjath from 1985 [56] which settles the obligatory subgraph problem for
graphs with Col(G) > w.

Theorem 4.1.5 ([56, Theorem 3.1, Theorem 3.6]). There are bipartite graphs T',,, A, such that

1. T, is countable, embeds into every graph G with Col(G) > w and T, contains each countable graph
with this property;

2. A, has size N1, embeds into every graph G with Col(G) > w and A, contains each graph sharing
this property.

The graphs I',,, A, resemble H,, 11 in some sense but we omit their definitions as we will not use
this result. We lack such satisfactory results for the chromatic number.

Also in [56], it is proved that there are two simple operations which result in obligatory subgraphs
when applied to obligatory ones: if I' embeds into every graph G with uncountable chromatic number
then so does Ny disjoint copies of I' and the graph I' U J{V, : * € V(T')} where V, are disjoint sets of
size 8y and {z,y} is an edge for all z € V(T'),y € V,.

Lastly, we remark that work has already been done on the hard task of characterizing obligatory
substructures of uncountably chromatic triple systems [59, 43, 66].

This short introduction barely touched the immense and fascinating theory of graphs with uncount-
able chromatic number (not to speak of results on chromatic number of finite graphs); we return to
some open problems in Section 4.4. Finally, we refer the interested reader to the recent surveys by P.
Komjath [61, 63] and S. Todorcevic [102] on various topics concerning infinite graphs and chromatic

number problems.

4.2 Classical results on obligatory subgraphs

Our goal in this section is to review the most important results on obligatory subgraphs of graphs with
uncountable chromatic number. In doing so, we provide simplified proofs to several classical results from

the literature.

Claim 4.2.1. Suppose that G = (V, E) is a graph, N < H(0) with G € N and x € V\ N. Then
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1. Ngla] is uncountable for all a € [Ng(z) N N|<¥,

2. if Ng(x) N N is infinite then G contains a copy of Ky, o, for allm € w, a copy of H, w41 and an

infinite wi-unseparable set.

Proof. Note that X = N{Ng(y) : y € a} € N for any finite a C Ng(z) N N. |X| > w; follows from
x € X \ N. This proves (1).

If Ng(z) N N is infinite then we can choose a € [Ng(x) N N|™ for given n € w and (1) implies
the existence of K, ., in G. To build a copy of H, . in G we inductively pick vertices vy, w, so
that v, € Ng(z) NN\ {vm, wn, : m < n} and w, € Ng[{vm : m < n}]\ {wn : m < n}. The set
{Un,wyn, 1 n € w} is a copy of Hy, .

Finally, the infinite set Ng(x) N N is wi-unseparable as any two points are joined by uncountable

many disjoint paths of length 2. O

Erdés and Kakutani [25, Theorem 1] proved that x = w; is the only uncountable cardinal such that
the edges of K, can be partitioned into countably many trees i.e. graphs without cycles. S. Todorcevic
proves that k = w; is the only uncountable cardinal such that the edges of K, can be partitioned into
countably many graphs without infinite paths [101, Lemma 3.4.15 and 3.4.17]. Actually, the following
holds:

Corollary 4.2.2. k = wy is the only uncountable cardinal such that the edges of K, can be partitioned

into countably many graphs without a copy of Hy w11.

Proof. If k = wy then we refer to the above cited [25, Theorem 1]. Alternatively, take any colouring
f: [wi1]? — w such that f(-,8) : B — w is 1-1 for each 8 < w.

Now, fix a colouring f : [wa]? — w and take an elementary submodel M of size wy so that f € M.
Note that for any 5 € we \ M there is n € w with

HaeM: f(a,B) =n}| =z w.
Applying Claim 4.2.1 finishes the proof. o
Claim 4.2.3. If Col(G) > w then there is an elementary submodel M with G € M so that
[Ng(z) N M| > w

for some x € V\ M.

Proof. We can suppose that every G’ C G of size < |G| has countable colouring number by restricting
ourselves to a subgraph of G. Take a continuous chain of elementary submodels (My,)qo<x covering G so
that G € My and M, has size < |G|. Suppose that |[Ng(z) N M,| < w for all € V'\ M, and we prove
that G has colouring number < w. By assumption, there is a well ordering <, on V, =V N My41 \ M,
witnessing that Col(G | Ma41 \ Ma) <w. Let ¢ <y iff z € V,,,y € Vg and o« < S or z,y € V,, and
x <q y. It is clear that < witnesses Col(G) < w. O

The following was first proved by Erdés, Hajnal [20, Corollary 5.6] and Hajnal, Komjath [42, Theorem

1] respectively.
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Corollary 4.2.4. Every graph G with Col(G) > w contains a copy of Kn ., for alln € w and a copy
Of Hw,w+1-

Proof. Apply Claims 4.2.3 and 4.2.1. O

As we already mentioned, these results are sharp: there are graphs G with Chr(G) > w so that G has
no triangles nor copies of H, ,42; this was proved first in [42, Theorem 3] from CH, then [64, Theorem
10] in ZFC and we present another example in Section 6.5.

Also, from Claims 4.2.3 and 4.2.1 we get the following:
Corollary 4.2.5. Every graph G with Col(G) > w contains an infinite wy-unseparable subset.

In Corollary 4.3.8, we show that there are graphs G with Col(G) > w which contain no uncountable

wi-unseparable subsets.

The following was proved by Erdés and Hajnal [20, Theorem 7.2]:

Theorem 4.2.6. Every graph G = (V, E) with Chr(G) > w contains a graph H with Chr(H) > w and

minimal degree w.

Proof. We prove by contradiction: suppose Chr(G) > w but the minimal degree of G | U is finite for
every U C V with Chr(G [ U) > w. Hence, we can build a well ordered set W = {v,, : @ < u} for some
ordinal g with the property that

{Bep\a:vg € Na(va)}| <w

for all @ < p and V\W is countably chromatic. Indeed, we inductively pick vertices vg € V\{vq : @« < 8}
so that |[Ng(vg) NV \ {vq : @ < B8}] < w provided that the chromatic number of the induced subgraph
on V\ {v, : @ < S} is uncountable.

To reach a contradiction it suffices to show that Chr(G | W) < w. The next claim finishes the proof:

Claim 4.2.7. Suppose that a graph G on a well ordered vertex set W = {v, : @ < u} satisfies |{8 €
pw\a:vg € Na(va)} < w for all o < pn. Then there is another well order < on W with the property
that

{w € Ng(v) :w < v} <w

forallveW.
Indeed, < witnesses that Col(G | W) < w and hence Chr(G | W) < w by Fact 1.4.3.

Proof. First, note that if M < H(©) is an elementary submodel and G, {vy : @ < u} € M then the finite
set {vg € Ng(vqa) : B € p\ a} is an element and hence a subset of M for all a < p such that v, € M.
Now take a sequence of countable elementary submodels (M¢)¢<, covering W so that (va)a<u,
G € M for all € < p. Let Moo = J{M¢ : & < ¢} for ¢ < p.
Fix oo < pu. Note that

Naiw[va] N Mcc € {vs € Na(va) : B € p\ o}

whenever v, ¢ Mc¢. Indeed, if vg € Ng(va) N Me (for some & < () and vy ¢ Mg then 8 > a by the
previous observation. Hence Ngw[va] N M< is finite if vy ¢ Mcc.
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Finally, define a well order < on W so that
1. W Mg\ M, has order type < w, and
2. ve Mccand w e W\ M, implies v < w

for all { < p. It is clear that < satisfies the required property. o

4.3 Paths and the chromatic number

Erdds and Hajnal proved that every graph G with Col(G) > w contains an infinite path [20, Theorem
7.1]; note that this also follows from the fact that H,, ., embeds into G. We wish to examine if this result

extends to longer paths.
Proposition 4.3.1. H, ., contains a path of order type & for all § < w;.
Proof. Suppose H,, ,, has classes A, B. We need the following

Observation 4.3.2. There are pairwise disjoint A, C A and B, C B such that A, U By, is isomorphic
to H, .

We prove the proposition by induction on ¢ < w; with the extra condition that if £ is a successor
ordinal then we can find a path of order type & which extends to a path terminating in a point of A;
clearly, we can suppose that £ > w. If we are done for £ then take A,,, B,, as in the observation and find
a path P of order type > £ in Ay, By, terminating in Ay if £ is a successor. If £ is a limit then By N P
is cofinal in P and so any point of A; is a valid continuation of P, i.e. P~ (z) is a path of order type
&+ 1 for any x € A;. If £ is successor then we can further extend to a path of order type £ + w using
points for A; U By. Indeed, note that B; C* Ng(z) N Ng(2')! for all z,2’ € A and i < w. So we choose
Teyor € Ay for k € w and let xeyok41 € B1 NN (Teqor) N N(Tetont2)-

Now suppose € is a limit and we proved the statement for all { < £. Take A,,, B;, as in the observation
and a cofinal w-type sequence (&,)new in €. Find paths P, C A, U Ba, of order type &, + k,, with
kn, € w so that the starting and terminating point of P,, say u,,v,, are in A. Find a finite path @,
from vy, t0 Up41 so that Qn \ {un, Vnt1} C Azpt1 U Bapg1. The set

PoUQoUPLUQLU...

is a path of order type &. O

Corollary 4.3.3. If the edges of the complete graph on ws vertices are coloured with countably many

colours then we can find a monochromatic path of order type & for any £ € w.

Proof. Indeed, we can find a monochromatic copy of H, ., by Corollary 4.2.2 and hence monochromatic

paths of type £ for any £ € wy by Proposition 4.3.1. O
Corollary 4.3.4. Every graph G with Col(G) > w contains a path of order type £ for all € < w.

Proof. Again, as H,, ,, embeds into G if Col(G) > w, we are done by Proposition 4.3.1. O

1C* stands for contained modulo finite
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Naturally, we would like to see if these results extend to uncountable paths. First, we remark that

Observation 1.3.10 and Claim 4.2.1 has the following corollaries on subgraphs of uncountable paths:

Corollary 4.3.5. Every uncountable path P satisfies Col(P) > w and hence P contains a copy of Kp .,
for alln € w and a copy of Hy, w41.

Also, it is not hard to see that there are paths which are triangle-free and contain no copies of H,, ,,+-2.
Second, note that Col(K, ., ) = w1 however K, ,, contains no uncountable paths. Now, we show
that not even graphs with uncountable chromatic number necessarily contain uncountable paths. Let

us start by an easy observation:

Observation 4.3.6. Suppose that the tree T does not contain chains of size wy. Then the comparability

graph G(T) contains no wy-unseparable subsets.

Proof. Take any A € [T]** and find incomparable x,y € T. It suffices to check that any finite path from

x to y intersects the countable set x* U y+ where
th={seT:s<t}.

Indeed, the connected component of x in 7'\ 2+ contains only elements s with s > . O

Corollary 4.3.7. If T is a non special tree with no uncountable chains then the graph G = G(T) satisfies

Chr(G) > w while G contains no uncountable wi-unseparable subsets.

Recall that cQ = {s C Q: s is bounded and well ordered in Q} with s <t iff s is an initial segment

of t is a non special tree with no uncountable chains. Hence

Corollary 4.3.8. If G = G(0Q) then |G| = 2%, Chr(G) = wy while there are no uncountable

wr-unseparable subsets of G; in particular, every path in G is countable.

Proof. G has uncountable chromatic number by Kurepa’s result and the mapping ¢t — ¢p(t) € wy is a

good colouring. Thus we are done by Corollary 4.3.7 and Observation 1.3.11. O

Corollary 4.3.7 also gives several consistent examples of G with |G| = Chr(G) = w; without un-
countable paths, i.e. if T is a non special Aronszajn tree.

Next, we present a consistent example of a graph G which fails the consequence of Observation 1.3.10
but has uncountable chromatic number; in particular, G contains no uncountable paths. Recall that a
Hajnal-Méte graph G on wy is a graph G = (w1, E) of uncountable chromatic number so that Ng(a)Na

is either finite or a cofinal increasing sequence of type w in a.

Theorem 4.3.9. Suppose that O% holds for a stationary, co-stationary S C wi. Then there is a Hajnal-
Madte graph G (so Chr(G) = |G| = w1) such that G contains no path of order type wi.

Proof. Recall that ¢% is the statement that there is sequence {C, : @ € S} so that C, € [P(a)]* and for
all X C wy there is a club C so that

CnSc{aeS: XNael,}.

Without loss of generality, every a € S is a limit ordinal.
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Now, construct a ladder C, C « for all a € S so that ANC, # 0 if supA = a and A € C,. Our
graph is simply G = (w1, E) with

E={{6,a}:6€Cq,a €S}

It is easy to see now that our graph G cannot contain a path of size wy; indeed, wy \ S is stationary
and for all @ € wy \ S we have
INa(B) Nal <w

for B €wi \ a.

Let us prove now that Chr(G) > w; it suffices to show that there is no stationary independent subset
of S. Indeed, if T' C S is stationary then, by the definition of ¢%, we can find a club C so that TNa € C,
for « € CNS. Fix any o € T NT N C; by the definition of C,, we must have C, NT # (. I e. if
§ € CoNT then {0,a} € E is an edge in 7. O

In contrast, we prove the following

Theorem 4.3.10. Suppose that M A,; holds. Then every graph G with Chr(G) > w and size < K

contains a path of size w1.
As the example G = K, ,,, shows, the assumption Col(G) > w would not be sufficient.

Proof. We fix a graph G = (V, E) of size < k and consider the poset
P ={p € Fn(V,w,w) : p is a good colouring}.

Recall that Fn(V,w,w) denotes the set of finite partial functions from V to w. Now, either Pg is ccc in
which case M A, implies that Chr(G) < w or P¢ contains an uncountable antichain; we show that an
uncountable antichain in Pg implies that G contains an uncountable path.

Fix an antichain A = {pg : £ <wi} C Pg. Let d¢ = domp, and we can suppose that {de¢ : £ < w1}
forms a delta system with kernel d, there is n € w with |d¢| = n and there is r € Fn(V,w,w) with
pe | d=rfor all £ € wy. If there is £ # ( € wy so that there are no edges between d¢ \ d and d¢ \ d then
pe Upc € Pg. As A is an antichain, we have that there is an edges between d¢ \ d and d¢ \ d for any
& # (€ wr.

It suffices to prove the following:

Lemma 4.3.11. Suppose that H is a graph and there is an uncountable family B C [V (H)]™ of disjoint
sets for some n € w\ {0} such that there is an edge between b and b" for allb # b € B. Then H contains

an uncountable path.

Note that for n = 1 the statement is trivial as H contains a complete uncountable graph.

Proof. We actually prove the following slightly stronger statement: if there is B; = {b¢; : £ € w1} for
i < 2 where b ; € [V(H)]™ pairwise disjoint and there is an edge between be ¢ and b 1 for all € < ¢ < w;
then H contains an uncountable path.

Consider the following edge colouring ¢ of H,,, ., (with vertices wy x 2) with finitely many colours:

C((g, 0)7 (Ca 1)) = ('L;]) S n2
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iff there is an edge between the i'" element of b¢ o and the j element of be 1 (and (i, j) is the minimal
such pair).
It should be clear that a monochromatic path in this edge coloured H.,, ., gives a path in our original

graph H. Indeed, suppose P = {p, : ¥ < w1} is a path in colour (i, 7). For each v there is £(v) so that
pv = (£(v),0) or p, = (£(v),0). Let

the i element of be(,) o if p, = (£(v),0),
Qv =
the j** element of bey if pu = (€(v), 1).

The sequence Q = (¢, )y<w, is a path in H.
O

O

We mention the following result of Fremlin [27, Theorem 41H] (which does not imply the existence

of uncountable paths):

Theorem 4.3.12. Suppose that M A,; holds and the graph G = (V,E) has Chr(G) > w and size < K.
Then

1. there is an uncountable Y CV so that [Ng[F]| > w for all F € [Y]<%, and
2. Ky, embeds into G.
Either Theorem 4.3.12(1) or Theorem 4.3.10 implies the following:

Corollary 4.3.13. If M A, holds and G is a graph with uncountable chromatic number and size < k

then G contains an uncountable set which is wi-unseparable.

Proof. Apply Theorem 4.3.10 and Observation 1.3.11. O

4.4 Open problems on chromatic number and the subgraph

structure

We list some of the intriguing open problems on obligatory subgraphs in this section. A highly popular
problem of Erdés and Hajnal (see [17, 18, 24, 49]) is the following:

Problem 4.4.1. Suppose that f : N — N is increasing. Is it true that there is an uncountably chromatic

graph G such that every n-chromatic subgraph of G has at least f(n) vertices (for alln > 3)?

P. Komjath and S. Shelah used forcing and truly virtuoso combinatorial ideas to prove that the
answer to the above problem is consistently yes [65]. A similar situation is present with the following
problem of Erdés and Hajnal (see [17, 21, 22]):

Problem 4.4.2. Is there an uncountably chromatic graph which contains no triangle free uncountably

chromatic subgraphs?

In [64], Komjith and Shelah showed that there is a range of forcings which give graphs with the
above property and hence the answer is consistently yes.

The finite counterpart of the beautiful Problem 4.4.2 is in fact completely open:
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Conjecture 4.4.3 ([16]). For every k,l € N there exists f(k,l) € N such that any graph with chromatic

number at least f(k,1) contains a subgraph of girth bigger than 1 and chromatic number at least k.

The only non-trivial advance is due to V. R6dl saying that f(k,4) exists [79].

Let us mention another fascinating conjecture by Erdds:
Conjecture 4.4.4. Any two uncountably chromatic graphs have a common 4-chromatic subgraph.

The analogous statement for 3-chromatic subgraphs hold as every two uncountably chromatic graphs

contain an odd cycle of the same length by a result of Erdés, Hajnal, Shelah and Thomassen [23, 97].



Chapter 5

The chromatic number and

connectivity

Observe that any graph G with uncountable chromatic number contains a connected component H with
uncountable chromatic number. Furthermore, a graph G with uncountable chromatic number always
contains a copy of K, , and hence an n-connected subgraph for each n € N. How much more can we

say about connected subgraphs of graphs with large chromatic number?

5.1 An overview of previous results

Erdés and Hajnal [20] asked if one can find subgraphs of large chromatic number and high connectivity
in graphs with large chromatic number. In particular, in [20] they ask if every graph with chromatic
number and size wy contains a subgraph of chromatic number w; which is w-connected i.e. any two points
are connected by infinitely many pairwise disjoint paths. In 1985, Erd6s and Hajnal asked if every graph
of chromatic number wy contains an uncountably chromatic w-connected subgraph [22]; these problems
are included in the recent surveys [61] and [63] as well.

Most advances on these questions are due to Péter Komjath. First, he proved

Theorem 5.3.1 ([55]). Fvery uncountably chromatic graph G contains n-connected uncountably chro-

matic subgraphs H, for every n € N.

The goal of this chapter is to provide a rather simple proof to this theorem in Section 5.3 by modern
methods, with the use of Davies-trees. We remark that Komjath also proves in [55] that one can find
such subgraphs H, which have minimal degree w; we were not able to deduce this stronger result with
our tools.

Regarding infinitely connected subgraphs, he shows the following

Theorem 5.1.1 ([57]). Suppose V = CH and G is a graph of size wy that has no uncountably chromatic
w-connected subgraphs. Then there is a ccc forcing Pg of size wi such that VFS¢ |= Chr(G) < w.

In particular, under PFA (the Proper Forcing Axiom) every graph of size and chromatic number wq
contains an uncountably chromatic w-connected subgraph; this is a simple application of the cardinal
collapsing trick [6]. On the other hand

99
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Theorem 5.1.2 ([57]). It is consistent that there is a graph G of size and chromatic number wy such

that every w-connected subgraph of G is countably chromatic.

Hence the original question of Erdds and Hajnal from [20] is independent of ZFC. Komjath’s proof
was slightly flawed (see the introduction of [62] for details), but the error is corrected in the recent [62]

where he forces a stronger example:

Theorem 5.1.3 ([62]). It is consistent that there is a graph of size and chromatic number wy without

uncountable w-connected subgraphs.

Note that the answer to the question from [22] is consistently no. In Chapter 6, we show that there
are graphs with size 2% and chromatic number w; without uncountable w-connected subgraphs purely

in ZFC and hence we provide a complete solution to the question of Erdés and Hajnal from [22].

5.2 Davies-trees and infinite combinatorics

The goal of this section is to introduce the notion of Davies-trees and review applications prior to our

work.

5.2.1 An introduction to Davies-trees

Let us define and prove the existence of Davies-trees at the same time:

Fact 5.2.1. Suppose that A is a countable set and X is an arbitrary set. Then there is a large enough
cardinal © and a sequence of M = (My)a<w of countable elementary submodels of H(®) so that

1. {X}UAC M, for all a <k,

2. X cl,.,. M.,

a<k

3. for every B8 < k there is mg € N and models Ng; < H(©) such that {X}UA C Ng; for i < mg

and

UM s a < By = J{ N3 i < mg}.

We will refer to a sequence of models M with property (3) as a Davies-tree.

Note that if the sequence (My,)q< is increasing then | J{M,, : a < 8} is also an elementary submodel
of H(®) for each 8 < k; however, there is no way to cover a set of size bigger than wy with an increasing
chain of countable sets. Fact 5.2.1 says that we can cover by countable elementary submodels and almost
maintain the property that the initial segments | J{M, : o < S} are submodels. Indeed, each initial
segment is the union of finitely many submodels by condition (3) while these models contain everything

relevant (denoted by A above) as well.

Proof. Suppose that X’ has size A. We recursively construct a tree T of finite sequences of ordinals and
elementary submodels M (a) for a € T. Let § € T and let M (()) be an elementary submodel of size A so
that

o {X}UAC M),

o X C M(0).
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Suppose that we defined a tree 7" and corresponding models M (a) for a € T’. Fix a € T’ and suppose

that M (a) is uncountable. Find a continuous sequence of elementary submodels (M (a™§))e<¢ so that
o {XYIUACM(a™¢) for all £ < (,
o M(a™¢) has size less than M (a).

We extend T" with {a™¢ : £ < ¢} and iterate this procedure to get T.

M(a™0) M(a™1) - M(a™A)---
~_ |
M) M(1) M(a) M(B)
\\ /
M(0)

It is easy to see that this process produces a downwards closed subtree T' of Ord<“ and if a € T is
a branch then M (a) is countable. Let us well order {M(a) : @ € T is a branch} by the lexicographical
ordering.

We wish to show that if b € T is a branch then |J{M(a) : @ <jez b,a € T is a branch} is the union
of finitely many submodels containing {X'} U A. Suppose that |b| = n € N and write

Noi = {M((01i—-1)7¢) : £ <b(i — 1)}

for i =1...n. It is clear that NV, ; is an elementary submodel as a union of an increasing chain. Also, if
a <jeg b then M(a) C Np; must hold where i = min{j <n : a(j) # b(j)}
O

Remark: note that this proof shows that if X’ has size N,, then every initial segment in the lexico-
graphical ordering is the union of n elementary submodels (the tree T has height n).
In the future, when working with a sequence of elementary submodels M = (My)o<x, We use the

notation

Mg = J{Ma:a<p}

for 5 < k.

5.2.2 The first applications
The very first

As we mentioned already, the above constructed tree of models is originated in the work of Roy O.
Davies [9] from the early 60’s. He proves that the plane R? can be covered by countably many rotated
graphs of functions; this was known to be true under the Continuum Hypothesis (proved by Sierpinski
in the 30’s) while Davies’ result holds regardless of cardinal arithmetic.

The importance of the tree construction is that we can cover arbitrary large structures (in this case
R?) with countable sets in a way that initial segments are fairly close to models (unions of finitely many

models). This way the assumption of CH can be eliminated from Sierpinski’s original result.
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The Steinhaus tiling problem

Probably the most important application of Davies-trees is S. Jackson and R. D. Mauldin’s solution
from 2002 to the Steinhaus tiling problem. In the late 50’s H. Steinhaus asked if there is a subset S
of R? such that every rotation of S tiles the plane or equivalently, S intersects every isometric copy of
the lattice Z x Z in exactly one point. Jackson and Mauldin provides an affirmative answer (surveyed
in [48]); their proof elegantly combines hard combinatorial, geometrical and set theoretical methods (a
transfinite induction using Davies-trees).

Again, their proof becomes somewhat simpler assuming CH. However, this assumption can be elim-

inated, as before, if one uses Davies-trees as a substitute for increasing chains of models.

Topology

In 2008, D. Milovich published a paper [71] in set theoretic topology (order theory of bases) where he
further polished Jackson and Mauldin’s Davies-tree decomposition technique. In particular, one can
guarantee that the Davies-tree (My)a<x has the additional property that {Ny, : i < mq} € M, for all

«a < k. This extra hypothesis is very useful in several situations.

One can find easy-to-read introduction to Davies-trees in the presentations of D. Milovich [70, 72]
(with slightly different terminology) and L. Soukup [95]. Also, it is likely that there are other papers,
even earlier then Davies’, where similar techniques appear either explicitly or implicitly however at the

point of writing this note we are not aware of further references.

5.3 The chromatic number and n-connected subgraphs

We proceed with our main application of Davies-trees which highly simplifies the original proof.

Theorem 5.3.1. Every uncountably chromatic graph G contains n-connected uncountably chromatic

subgraphs for every n € N.

Fix a graph G = (V,E), n € w and consider the set A of all subsets of V spanning mazimal
n-connected subgraphs of G.
We will follow Komjath’s framework in the sense that we are going to define a good ordering on A.

The following lemma explains what we mean by a good ordering.

Lemma 5.3.2. Suppose that G = (V, E) is a graph, {A¢ : £ < u} is a cover of V with countably chromatic
subsets so that |[Ng(z) N|JA<e| <w for all 6 < p and x € Ae \|JA<e where Ace = {A¢: ¢ <&} Then
Chr(G) < w.

Proof. Suppose that g¢ : Ac — w witnesses that the chromatic number of A¢ is < w. We define
f:V = wxw by defining f [ (A¢ \ |UA<¢) by induction on & < p. If x € A¢ \ |JA<e then the
first coordinate of f(x) is g¢(x) while the second coordinate of f(z) avoids all the finitely many second
coordinates appearing in {f(y) : y € Ng(z) N|JA<e}. It is easy to see that f witnesses that G has

countable chromatic number. O

Let us continue with some straightforward observations about the maximal n-connected sets:

Observation 5.3.3. 1. AZ A forall A+ A € A,
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2. JANA'| <n forall A+ A € A,

3. [{AeA:acC A} <1 forall a € [V]Z",

4. |[Ng(z)NAl <n forallz e V\Aand A€ A.

The next claim is fairly simple and describes a situation when we can join n-connected sets.

Claim 5.3.4. Suppose that A; C V spans an n-connected subset for each i < n and we can find
Y ={yir:i<nk<n}and X = {zx : k <n} distinct points so that

Yik € Ai N Ng(xk)

for alli <n,k <n. Then A =J{A;:i<n}UX isn-connected.

Proof. Let F € [A]<" and note that there is a k < n so that {y; x,xr : i <n} N F = for some k < n.
Thus U{A; : i <n}U{y;k,zx : ¢ < n}\ F is connected as A; \ F is connected for all i < n. Finally, if
zj € A\ F then Ng(x;) NU{A; :i <n}\ F # 0 so we are done. O

Now, we deduce some useful facts about elementary submodels and maximal n-connected sets.

Lemma 5.3.5. Suppose that N < H(O) with G € N and
|NG(x) n Nl Z n

for some x € V\ N. Then x € A for some A€ ANN.

Proof. Let a € [Ng(xz) N N]™. There is a copy of K, ,, (complete bipartite graph with classes of size n
and wy) which contains a U {z} (see Claim 4.2.1). As K, ., is n-connected, there must be A € A with
aU{z} C A as well. Also, there is A’ € AN N with a C A’ by elementarity; as |A N A’| > n we have
A = A’ which finishes the proof. O

Lemma 5.3.6. Suppose that N < H(O) with G € N and
|[Ng(x) N U(A NN)| >w

for some x € V\ N. Then x € A for some A€ ANN.

Proof. Suppose that the conclusion fails; by the previous lemma, we have |[Ng(z)N| < n. In particular,

there is sequence of distinct 4; € AN N for i < n so
(No(z) N A) \ N #0

for all i < n (as Ng(z) N A is finite if A € NN A).
Thus
NEVFe[V]s¥Iz eV \ Fand y; € (AN Ng(z)) \ F.

Now, we can find distinct {y; 1 : 4 < n,k <n} and X = {zx : kK <n} so that
Yik € A; N Ng(xk).

Finally, U{4; : i < n} U X is n-connected by Claim 5.3.4 which contradicts the maximality of A;. o
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Proof of Theorem 5.3.1. Let G, A be as above and suppose that every A € A is countably chromatic;
we will show that in this case, G is countably chromatic.

First, we prove that |J.A is countably chromatic. Take a Davies-tree covering A i.e. a sequence
(My)a<rk of countable elementary submodels such that for all & < k there is a finite sequence of

elementary submodels (Nq,j)j<m. so that

UM<Q = U{Na’j j < ma},

with G € My NN, ; and A C U{M, : o < k}.
Let Acy = ANUMcq and Ay = (AN M)\ Acq for a < k. Well order A as {A¢ : € < p} so that

1. Ac € Acq, Ae € A\ A, implies ¢ < € and
2. A, \ A<, has order type < w

for all a < k.
We claim that the above enumeration of A satisfies Lemma 5.3.2 and thus | J A is countably chromatic.

By the second property of our enumeration and Observation 5.3.3 (4), it suffices to show that
INa(z) N | JAcal <w

ifxe A\JAcq forall A e A, \ Ac, and a < k.

However, as Acq = J{AN Ny 1 j < mq}, this should be clear from applying Lemma 5.3.6 for each
of the finitely many models N, ; where j < m,.

Now, we show that G is countably chromatic; otherwise, the graph spanned by V'\ | J A is uncountably
chromatic. However, every uncountably chromatic graph, and so V'\| J A as well, contains an n-connected

subgraph (actually a copy of K, ,,,) which contradicts the definition of A. O

5.4 Further applications of Davies trees

Degrees of disjointness

We start by proving a simple fact from the theory of almost disjoint set systems.

Definition 5.4.1. We say that a family of sets X is n-almost disjoint for some n € N iff |ANB| <n
for every A # B € X. X is essentially disjoint iff we can select finite Fa C A for each A € A so that
{A\ Fa: A e A} is disjoint.

Theorem 5.4.2 ([53]). Every n-almost disjoint family X of countable sets is essentially disjoint for
every n € N.

Proof. Take a Davies-tree M = {M, : o < k} such that X C UM and that X € M, for each
a < k. Recall that |JMcq = U{Na,i : @ < mqy} for each a < k. We define a map F' on X such that
F(A) € [A]<¥ for each A € X and {A\ F(A) : A € X} is pairwise disjoint.

Let X, = (XN My)\UM<cq and Xy = X N (U M<qo). We define F on each X, independently so
fix o < k.

Observation 5.4.3. |[AN (JX<o)| <w for all A€ X,.
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Proof. Otherwise, there is i < mq so that A N J(X N Ng,i) is infinite and in particular, we can select
a € [ANU(X N Ny,;)]™. Note that [J(X N Ngy,i) C Ng,; as each set in X' is countable hence a C N, ; and
a € N,,;. However, N,,; = "there is a unique element of X containing a” (by n-almost disjointness)
hence A € N, ; C|JM<, (by elementarity) which contradicts A € X,,. O

Now list X, as {Aq, : 1 € w}. Let

F(Aat) = Aai N (| JXca U J{Aan k< 1})

for | < w. Clearly, F' witnesses that X is essentially disjoint.

Clouds above the Continuum Hypothesis

The next theorem we prove has a certain similarity to Davies’ result. The reason that this proof is of
greater interest is that it highlights the fact that a set of size X,, can be covered by a Davies-tree such
that the initial segments are expressed as the union of n elementary submodels (for n € N). The same

fact is utilized in an application presented in [95].

Definition 5.4.4. We say that A C R? is a cloud around a point a € R? iff every line | through a

intersects A in a finite set.

Note that one or two clouds cannot cover the plane; indeed, if A; is a cloud around a; for ¢ < 2 then

the line [ through a¢ and a; intersects Ag U A1 in a finite set. How about three or more clouds?
Theorem 5.4.5 ([60] and [85]). The following are equivalent for each n € N:

1. 29 <R,

2. R? is covered by at most n + 2 clouds.

We only prove (1) implies (2) and follow Komjéth’s original proof for the 2¢ = w; case.

Proof. Fix n € w and suppose that the continuum is ®,,. This implies that R? can be covered by a
Davies-tree {M, : v < k} so that U Mcq = U{Na,i : i < n} for every a < k.

Fix n + 2 points {ax : k < n + 2} in R? in general position (i.e. no three are collinear). Let £F
denote the set of lines through ay and let £ = |J{L* : k < n + 2}. We will define clouds Ay around a
by defining a map F : £ — [R?]<“ such that F(I) € [I]< and letting

Ap ={ax} U J{F() : 1€ £F}

for k < n + 2. We have to make sure that for every x € R? there is [ € £ so that x € F(l).

Now let L, = (LN My) \UMco and Lo, = LNY M, for a < . We define F on L, for each
a < Kk independently.

Fix an o < k and list £, \ £" as {la; : j < w} where £’ is the set of (”'2"2) lines determined by
{ar : k <n+2}. We let

F(lo ) = U{z Moyl e L U{laj i <j}}
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for j < w.
We claim that this definition works: fix a point z € R? and we will show that there is I € £ with
x € F(I). Find the unique o < k such that € M, \ |JM<q. Tt is easy to see that UL’ is covered by

our clouds hence we suppose z ¢ |JL'. Let l; denote the line through = and ay.

Observation 5.4.6. [JMcoN{lp: k <n+2} <n.

Proof. Suppose that this is not true. Then (by the pigeon hole principle) there is ¢ < n such that
[Noi N {lk : k <n+2} >2 and in particular the intersection of any two of these lines, the point z, is
in No,; C|JMcq. This contradicts the choice of a. O

‘We have now that
Hlk:k<n+2}n (Lo \ L) >2

i.e. thereis j' < j < w such that Iy j/,la,; € {lx : K <n+2}. Hence x € F(l, ;) is covered by one of the

clouds.
O
Conflict free chromatic number

Let us mention, without proof, the following application of Davies trees due to L. Soukup [95].

Definition 5.4.7. If A is a set system then the conflict free chromatic number of A is the least cardinal
K so that there is a map f : A — K such that for every A € A there is a < k with |AN f~1(a)] = 1.

Theorem 5.4.8 ([41]). Let m,d € w and suppose that A C [wy,|* is d-almost disjoint. Then the conflict

free chromatic number of A is at most LWJ +2

Future work

There seems to be great possibilities in the use of Davies-trees beyond finding new proofs or eliminating
CH from known results. Recently, L. Soukup started to develop the analogue of Davies-trees with

o-closed models.

Theorem 5.4.9 ([95]). Suppose V.= L. Then for every cardinal k there is a sequence (My)a<k of

elementary submodels of H(®) covering k such that
1. [Mg]w C Mg and |M5| = w1,

2. there are Ng ;j < H(O) with [Ng ;]“ C Ng; for j <w such that
UiMa sa < B8y = J{( Vs :d <w}

for all B < k.

The presentation [95] contains further details on o-Davies-trees. In particular, L. Soukup provides a
new proof of the fact that V' = L implies that the poset ([k]“, C) has the weak Freese-Nation property
[28] i.e. there is a map f : [k]* — [[k]“]* so that p < g implies that p < r < ¢ for some r € f(p) N f(q)
for all p,q € [x]“.



Chapter 6

The chromatic number and infinitely

connected subgraphs

The main goal of this chapter is to construct a graph of chromatic number w; without an uncountable
infinitely connected subgraph. This will be done by defining graphs through ladder systems on non
special trees. After a short introduction, we present the main construction in Section 6.3 followed by

further results, general remarks and open problems.

6.1 A short introduction to trees and ladder systems

D. Kurepa was the first to systematically study set theoretic trees [68]; his work on Souslin’s Problem
lead to several fundamental results on Aronszajn and Souslin trees. We refer the reader to the survey
[47] for further details on Kurepa’s work. In the Handbook of Set Theoretic Topology, S. Todorcevic [99]
gives an excellent review of the most important results and references on the topic of trees and linearly
ordered sets up to 1984. More recently, the survey by J. Moore [75] on Aronszajn trees summarizes the
advances made since the publication of [99].

Trees with strong combinatorial properties played an important part in solving deep problems of set
theoretical nature, in particular in general topology and the theory of partition relations. Let us mention
that M. E. Rudin used Souslin trees to construct S-spaces [80] and Dowker spaces [81]. S. Todorcevic
extended the theory of partition relations from ordinals to partially ordered sets through trees [100] and
he uses special Aronszajn trees to construct square bracket colourings on wy in ZFC [101]. On a related
note, Shelah used a Souslin tree to aid the construction of a square bracket colouring with no rainbow
triangles in [86].

Undoubtedly, our most important reference for this chapter is Todorcevic’s inspirational “Stationary
sets, trees and continuums” [98]. We already recalled the definition of the trees T'(S) (where S C wy)
and listed their most important properties in Section 1.5.

We are interested in graphs associated to trees through the comparability relation i.e. for a tree
(T, <r) we look at the graph G(T') = (T, E) where {s,t} € E iff s <p t. The class of graphs which arise
as comparability graphs of some partial order were studied in detail [103, 104, 32, 31, 33]. While every
finite comparability graph G is perfect [73] i.e. Chr(G) is the size of the largest clique, this theorem

does not extend to the infinite case (see [84] for an exposition). Indeed, we will exploit the fact that for

67
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the above defined tree T'= T'(S), when S is stationary and costationary, the comparability graph G(T")
has chromatic number w; while G(T') has no uncountable cliques (as T has no uncountable branches).

Ladder systems on the ordinal w; played a central role in recent advances in set theory. We mention
two outstanding examples: the ground breaking work of S. Todorcevic on minimal walks [101] and
Shelah’s work on uniformization and his solution to the Whitehead problem [88, 89].

Graphs GG on w; with chromatic number w; where the edge relation is given by a ladder system
were introduced in [45] and hence named Hajnal-M&té graphs. In [45], the authors prove that M A,,
implies that there are no Hajnal-M&té graphs while one can construct Hajnal-M&té graphs under <{*.
Let us remark that Abraham, Devlin and Shelah proved that CH is not sufficient for the existence of
Hajnal-Maté graphs [1]; we believe that it is not known whether & implies the existence of Hajnal-Maté
graphs.

P. Komjath has a series of papers on the subject exploring several constructions with further interest-
ing properties: in [52], he constructs Hajnal-M&té graphs from ¢ which contain no triangles; in [54], he
constructs Hajnal-Maté graphs from {* that contain no cycles which are the union of two <,,,-monotone
paths; in [58], the previous {* construction is further developed to have certain extra structural prop-
erties. Later, Komjdth and Shelah [64] showed that one can even exclude K, ,, (even H, (+2) and odd
cycles up to a given length at the same time using Hajnal-Maté graphs; this is done by forcing and <
constructions as well. Finally, in [64, Theorem 10], the authors refer to an idea of F. Galvin and carry
out the Hajnal-M4té graph construction based on the tree [ J{w® : o < wy} purely in ZFC!. Recently,
U. Abraham and Y. Yin [2] investigated the chromatic number of a related class of graphs.

Our aim in this chapter is to use ladder systems not on w; but on non special trees T in order to
select a Hajnal-Mété-like nice subgraph of the comparability graph G(T') in ZFC, without the use of any
guessing principles. We are only aware of a handful of references where trees and ladder systems appear
in such close relation. The most relevant reference is the above mentioned [64, Theorem 10]. The paper
[96] by Z. Spasojevi¢ deals with the uniformization properties of ladder systems on trees. The notion of
a T-uniformization of ladder systems on wy for a tree T' appears in Moore’s [74].

Our proofs in this chapter were deeply motivated by arguments in [98], as well as by certain diago-

nalization arguments of M. E. Rudin [82] and Z. Balogh [5] using elementary submodels.

6.2 Preliminaries

We will use the following terminology:

Definition 6.2.1. We say that a set of vertices F' in a graph separates two vertices s and t iff every
path from s to t passes through F. We say that F separates a set of vertices A iff there are distinct
s,t € A such that F separates s and t.

Hence a graph G is w-connected iff no finite set separates two points of G. Furthermore, recall

Corollary 4.3.7. If T is a non special tree with no uncountable chains then the graph G = G(T') satisfies

Chr(G) > w while every uncountable set of vertices can be separated by a countable set.

The above simple corollary indicates that it is reasonable to investigate non special trees T" without

uncountable chains and the corresponding graphs G(T) regarding the Erdés-Hajnal question.

1We were not aware of this reference when proving the results of Chapter 6.
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Indeed, we will work with trees of the form T'(S) = {t C S : t is closed} where S C w; is stationary,
costationary. Recall from Section 1.5 that the comparability graph of T'(S) has size 2¥ and chromatic
number wy.

Our aim is to construct a subgraph X of the comparability graph of T'(S) (where S C w is stationary,
costationary) which has chromatic number w; and does not contain uncountable w-connected subsets
i.e. every uncountable set of vertices A contains two points s,t € A and a finite set F' C A such that

any path P C A between s and ¢ passes through F.

6.3 The main construction

We start by defining ladder system graphs on trees and characterizing connectivity properties by simple

combinatorial facts about the ladder system.

Definition 6.3.1. Suppose that T is a tree. A ladder system on T is a family C = {Cy : t € T'} so that

C; C tt is either finite or a cofinal sequence of type w.

Each ladder system C defines a subgraph X¢ of G(T') with vertices T' and edges
{{s,t} :s€C,t €T}.

This is in direct analogy with the Hajnal-MAaté graphs introduced in [45] i.e. the case where the tree T

is simply the cardinal w;.

Definition 6.3.2. A ladder system C on T is transitive iff
CNst C Cy

forallt €T and s € C;.

Note that C is transitive iff C; spans a complete graph in X¢ for all t € T. The next two lemmas

explain why we introduced the notion of a transitive ladder system.

Lemma 6.3.3. Suppose that T is a tree and C is a transitive ladder system on T. If s,t € T and P is
a finite path in X¢g from s to t then there is a path Q) C P which is the union of two monotone paths.

A monotone path in X¢ is a path which is a chain in the tree ordering.

Proof. Let @ C P be a path of minimal length from s to t. Let {g; : i < n} enumerate @ by its path
ordering. Note that we cannot have ¢;—1,¢;+1 < g; for any 1 <14 < n — 1; indeed, this would imply that
gi—1,qi+1 € Cg, and hence, by transitivity, ¢;—1 and ¢;41 are connected by an edge which contradicts the
minimality of @. This means that if ¢;—1 < ¢; then ¢; < g;41 for any 1 <i < n —11ie. Q is monotone
increasing from the first step up (in the tree ordering). In other words, @ is the union of a monotone
decreasing and a monotone increasing path.

O

Lemma 6.3.4. Suppose that T is a tree and C' is a transitive ladder system onT. If T has no branching

at limit levels and contains no uncountable chains then X¢ contains no uncountable w-connected subsets.
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Proof. Fix an uncountable A C T and find two incomparable elements s, € A. Let r denote the
maximal common initial part of s and ¢; this exists and r < s,t as T" does not branch at limits. Find
s’ € Asothat r < s’ <sand

snACru{r).

We claim that s’ and ¢ are separated by the finite set F' = {r} U (r* N Cy).

Suppose that P = {p; : ¢ < n} C A is a finite path from py = s’ to t. By Lemma 6.3.3, we can
suppose that P is the union of two monotone paths. Note that p; € AN Cy as p; < pg = s’ and hence
p1 € 7+ U {r} by the choice of s’. In particular, p; € F; this shows that F' separates s’ and t. O

We are ready now to prove our main result:

Theorem 6.3.5. Fiz a stationary, costationary S C wy and let T = T(S). Then there is a subgraph X

of G(T) such that Chr(X) = w1 and X contains no uncountable w-connected subsets.

We use the following notation: if 7= T'(S) for some S C wq then let
Ts ={t € T : max(t) =0}

for § € w; and similarly define T, T<5.

Proof. It suffices to show that there is a transitive ladder system C on T such that Chr(X¢) = wi; indeed,
T has no uncountable chains nor branches at limit levels hence Lemma 6.3.4 implies that X¢ has no
uncountable w-connected subsets. Furthermore, as the tree 7" has height wy we have that Chr(X¢) <
Chr(G(T)) < wy for any C. Thus we will have to show that Chr(X¢) > w in the end.

By induction on ¢ € S’ (where S’ denotes the accumulation points of S), we define the transitive
ladder system C' on T'<s5 and hence the corresponding part of X¢ on Tcs.

First, let C; = 0 for t € Tepins’. Now, fix § € S’ and suppose that we already defined a transitive
ladder system (Cy : t € T<s) on T<s. We extend this to T'.s5+ while preserving transitivity where 67 is
the minimum of S\ (6 + 1). Note that transitivity is necessarily preserved at limit steps. If § ¢ S then
we let Cy =) for t € T5+ \ T<s.

Suppose that § € S and let us define C; for t € T; first. Let {(A¢, fe) : £ < ¢} denote a 1-1
enumeration of all the pairs (4, f) so that A € [T<s]“, f: A — w and A satisfies

or every (S and € < ere are immcomparable s7, s S SO a S-_ and max S. >ce1or < 2.
%) f te Aand § th i ble s°, s! € A so that st >t and i fori < 2

By induction on § < ¢ we will find t¢ € T \ {t¢ : ¢ <&} and sets Cy, C té so that
(Ct:t€T<5U{t§:§<C})

is still a transitive ladder system. We will let Cy = () for ¢ € T \ {t¢ : £ < c}.
Fix a cofinal w-type sequence {0, : n € w} in 0. Suppose we defined t; € Ts and Cy, C té for ( < €.
Define a map ¢ : 2<“ — A, and a partial map ¢ : 2<% — A¢ so that

(i) ¥ and ¢ are order preserving injections and

for ¢ < 2 provided that = € dom(yp),
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(i) {e(x [ k): k <|z|,z | k € dom(p)} is a complete graph in Ty,

(ili) ¥(270) and ¥ (2" 1) are incomparable and contained in A¢ \ T'<s

n?

(iv) if there is t € Ag such that ¢ > (), fe(t) =n and {@(z [ k) : k < |z|,x | k € dom(p)} U {¢t} is
complete then = € dom(p) and fe(¢(z)) = n as well

for all n € w and z € 2™.
We define ¢(z) and ¢(z) for z € 2" by induction on n € w. We set ¢)(0) € A¢ arbitrarily. If ¢(z) is
defined for some x € 2" then check if

R, ={teAs:t>¢(x), fe(t) =nand {¢(z [ k) : k < |z|,z | k € dom(p)} U {t} is complete}

is empty or not. If R, # @ then we put z into dom(y) and pick ¢(x) from R, arbitrarily; otherwise
x ¢ dom(yp). Now find incomparable ¢ (z70),9(x"1) € A¢ above ¥(z) so that max(¢)(z~7)) > ¢, and
P(x7i) > p(z) if € dom(yp); this can be done as A satisfies (x) above. This finishes the construction
of ¥ and ¢.

{tc: ¢ <&}

Figure 6.1: Step £ in the induction.

We extend 1 to 2 in the obvious way:

U(@) =@ k) k <whu{s}

for x € 2¢; note that ¥(z) is a closed subset of S by the second part of condition (iii) and hence
Y(x) € Ty for all z € 2. Also, ¢ remains 1-1 on 2¢ by the first part of condition (iii). Hence, we can
find an x¢ € 2% such that ¢¥(xe) € T5 \ {tc : ¢ <&} and we let ¢ = 1p(x¢). Finally, let

Cie = {p(xe 1 k) 1 k <w,ze | k € dom(p)}.

Transitivity of this extension is assured by condition (ii). This finishes the induction on £ < ¢ and we

have a transitive ladder system C = (Cy : t € T<s) on T<s. We now simply let Cy =) for t € T 5+ \ T<s.
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This finishes step § of the main induction and hence, in the end, we have a transitive ladder system C
onT.

We are left to prove:

Claim 6.3.6. Chr(X¢) > w.

Proof. Fix a colouring f : T — w; we will find s,t € T so that f(s) = f(t) and s € C;. Take a countable
elementary submodel M < H(c¢t) (where H(¢") is the collection of sets with hereditary cardinality < )
so that S,C, f € M and 6§ = M Nw; € S; this can be done as S is stationary.

Consider the construction of {Cy : t € Ts}. If we set A = M NT then there must be a £ < ¢ so
that (A4, f | A) = (A¢, fe); M being an elementary submodel ensures that A satisfies property (x) as the
branching of T reflects to M.

Our goal now is to prove that there is an s € Cy, so that f(s) = f(t¢); we let n = f(t¢). Recall that
in the definition of t; we had two maps ¢ and ¢ and t¢ was of the form w(x¢) for an z¢ € 2¥. Cy, was
defined to be {p(ze [ k) : k <w,z¢ [ k € dom(p)}.

Now, recall the definition of ¢(z¢ [ n): we looked at the set

Rycin = {8 € A : s > p(w¢ [ n), fe(s) =n and
{p(xe [ k) : k <n,xe | k € dom(p)} U{s} is complete} (6.1)

and if R;,}, was not empty the we chose ¢(x¢ | n) € Ry 1n; in particular, f(s) = n for s = @(x¢ |
n) € Cy, which would finish the proof.
Let us show that R}, is not empty. Let

R={seT:s>v(xe | n) f(s)=nand
{p(xe [ k) : k <m,xe | k € dom(p)} U{s} is complete} (6.2)

and note that R is in the model M and R}, = RN M. Hence, by elementarity, it suffices to show that
R # (). However, this is clear as t¢ € R.
O

This finishes the proof of the theorem. o

Let us remark that we cannot hope to find graphs of chromatic number > w; without uncountable
infinitely connected subgraphs. Indeed, under V' = L, the uncountable infinitely connected graph K, .,
embeds into every graph G with Col(G) > wy by a result of Komjéth [56, Theorem 3.1].

6.4 A highly disconnected variation

In Theorem 6.3.5, we constructed a graph X such that any uncountable set A contained two incomparable
points s,t which are separated in A by a finite set F'; in particular, there could be paths connecting s
and t which avoid F' by leaving A. The aim of this section is to refine the methods of Section 6.3 and
produce a ladder system C on a tree 1" such that any two <p-incomparable vertices are separated by a

finite set in the graph X¢ i.e. if s,¢ € T are incomparable then there is a finite set ' C 7" such that
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any path P from s to t intersects F. Note that this separation property is stronger than the lack of
uncountable w-connected sets.

We use the following notation: if T is a tree then
e let supp(C) ={t € T : |Ct| = w} for any ladder system C on T,
e if s € T and € < ht(s) then s | € denotes the unique element r € st with ht(r) = ¢.

Let us introduce a somewhat technical property of ladder systems on trees. First, we need the
following definition: we will say that a sequence n = (n; : t € T) is a true ladder system on a tree 1" iff

nt = {t} for all successor t € T and 7, is a cofinal sequence of type w in ¢+ if ¢ is limit.

Definition 6.4.1. Suppose that C is a ladder system on a tree T'. We say that C is coherent iff
1. C,=C,nst

for all t € supp(C) and s € Cy with |Cs| < w and there is a true ladder system n on T such that
2.y N st C o,
3. Conrt=Conrt forr=s| ht(nia;x(nt NsH))+1

for every s,t € supp(C) with s € Cy.

The next lemma explains how transitivity and coherence of a ladder system C gives the desired

separation property of the graph X¢.

Lemma 6.4.2. Suppose that T is a tree with no branching at limits. If C is a transitive and coherent

ladder system on T then any two <p-incomparable points are separated by a finite set in Xc.

We use the following notation in the proof: if s,t € T then A(s,t) denotes the maximal common

initial segment of s and ¢.

Proof. Fix a point t' € T and we prove that for any ¢ € T which is incomparable with ¢’ there is a finite
set I} which separates t and t'.
We will actually prove that the following choice of Fy works: let Fy = Cy if t ¢ supp(C) and let

F, = CyNr} where ry =t | ht(n<11n{r €neir>ARY)}) +1
T

if t € supp(C). The proof is done by induction on ht(t).

It is clear that if t ¢ supp(C) then F} separates ¢ and ¢’ by transitivity and Lemma 6.3.3.

Suppose that ¢ € supp(C); we note that r; < ¢ as n; is nontrivial and A(¢,¢') < ¢ and hence F; is
finite. Now, suppose that P = {pg...p,} is a path from ¢ to ¢ which avoids F}; we can suppose that P
has minimal length and is the union of two monotone paths by Lemma 6.3.3. We have pg =t > p; € C;
and p1 > A(t,t') and hence A(t,t') = A(p1,t’). We let s = p; and note that p, € Cs \ C as P has
minimal length and C is transitive. If |Cs| < w then by assumption C; N st = C, which contradicts
p2 € Cs \ Ct.

We conclude that s € supp(C). As Fs separates s and ¢’ (by the inductive hypothesis) it suffices to
prove that F; = F;. By definition

rs=s1 ht(rr<11n{7" ens:r>A(s,t)}) + 1.
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As t,s € supp(C) we have 1, N s* C 7, by coherence. Hence, by r; < s and A(t,t') = A(s,t') we must
have r, = r;. Finally, by coherence again, we have F, = Cy N1t = Cs Nryt = F. O

We are ready to prove the main result of this section.

Theorem 6.4.3. Fiz a stationary, costationary S C wy and let T = T(S). Then there is a subgraph X
of G(T) such that Chr(X) = w1 and any two <rp-incomparable points are separated by a finite set in X.
In particular, every uncountable set A C T contains two vertices which are separated by a finite set in
X.

Proof. Tt suffices to find a transitive and coherent ladder system C on T such that Chr(X¢) > w; indeed,
T does not branch at limits (and every uncountable A C T contains two incomparable points) hence
Lemma 6.4.2 can be applied.

We define a true ladder system nonT first: fix a true ladder system {vs: 6 € w1} on wy and let

n={tN(e+1):e € vs} where § = max(t)

for any limit ¢t € T and let i = {¢} for any successor t € T.

Let D = (SNS’) and let §* denote min D \ (§ + 1) for § € D. By induction on § € D, we define
a transitive ladder system C' on T.s, and hence the corresponding graph on T<s, so that C' is coherent
and its coherence is witnessed by 7.

First, let Cy = () for t € T<min p. Now, suppose we defined (Ct)t6T<5 for some § € D. We define C
on T.s+ in two steps: first we define Cy for ¢ € Ts so that (Ct)tGTg s 1s still transitive and coherent and
then extend to Ts+ in the trivial way: we let Cy = 0 for ¢t € T+ \ T<s.

We can suppose § € S otherwise Ts = 0. Let {((AS$)new, fe) : € < ¢} denote a 1-1 enumeration of all
pairs ((An)new, f) where

1. A, C Apiq € [Tes)® for n < w,

2. for every t € A,, and € < §,, = sup{max(s) : s € A,} there are incomparable s, s! € A,, so that
s* >t and max(s®) > ¢ for i < 2,

3. f:A— wwhere A= J{A4, :n € w},
4. (0n)new 1s a strictly increasing cofinal sequence in 0.

By induction on £ < ¢, we define t¢ € Ts \ {t; : ¢ <&} and Cy, C té while preserving transitivity and
coherence. Suppose we defined ¢ € Ty and Cy, C té for ( < €.
We let Ae = {44 : n € w} and 65 = sup{max(s) : t € A5}. Also, let

en = max({d5} U (v5 N 851))

for n € w and £_1 = max(vs N 63). Finally, let {l,, : n € w} enumerate each natural number infinitely
many times.
Define a map ¢ : 2<“ — A, and a partial map ¢ : 2<% — A¢ so that

(i) ¥ and @ are order preserving injections and

P(x) < p(x) <P(z7i)
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for ¢ < 2 provided that = € dom(yp),
(i) {p(x Tk):k<|z|,z |k € dom(p)} is a complete graph in Ty,
(iii) ¥ (2~0) and ¢ (2" 1) are incomparable and contained in A§1+1 \ T<e,,
(iv) if there is an s € A$ such that

(a) s 2 1/)(1), fE(S) = lna
(b) {e(x k) :k<|z|,z | ke dom(p)}U{s} is complete,

(C) Vs MNeEp—1 E Vmax(s) and
Csnrt ={p(x k) : k<n,x|kcdom(p)}

for r = sN(ep—1 + 1) if Cy is infinite,
(d) Cs={p(z [ k):k<n,x | ke dom(p)} if Cs is finite
then x € dom(y) and s = ¢(x) satisfies (a)-(d) as well,
(v) if (iv) fails then x ¢ dom(¢p)

for all n € w and =z € 2™.

Figure 6.2: Extending the maps ¢ and .

We define ¢(z) and o(x) for = € 2" by induction on n € w. We let () € A5\ T<._, arbitrarily.
Given v(z), we consider the set RS of all elements s € AS such that

(a,) 52 1/)(1), fE(S) =ln,
(b)) {o(z | k):k<|z|,x | k € dom(p)} U{s} is complete,
(C,) vsMNep—1 £ Vmax(s) and

Csnrt ={p(x k) : k<n,x |k dom(p)}

for r = sN(ep—1 + 1) if Cs is infinite,
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(d) Cs={p(x k) :k<n,z|kedom(p)} if Cs is finite.

If RS is not empty then we set z € dom(p) and choose an arbitrary ¢(z) € RS. Otherwise, = ¢
dom(p). Now, we simply pick ¥(x"i) for i < 2 satisfying conditions (i) and (iii) by applying condition
2. for AfI 41- This finishes the construction of ¢ and .

We extend 1 to 2 in the obvious way:

U(@) = J{w@ k) k<wiu{s}

for = € 2¢; note that () is a closed subset of S by the second part of condition (iii) hence 1 (x) € Tj
for all x € 2¢ . Also, ¥ remains 1-1 on 2 by the first part of condition (iii). Hence, we can find an
xe € 2% such that ¥(zg) € Ts \ {tc : ¢ < &} and we let tg = 9(z¢). Finally, let

Cie = {p(xe 1 k) 1 k <w,ze | k € dom(p)}.

This finishes the induction on § < ¢ and we define C; = 0 for t € T \ {te : £ < c}.

Claim 6.4.4. {Cy:t € T<s} is transitive and coherent.

Proof. Transitivity is assured by condition (ii). We check that 1 witnesses that {C; : t € T'<s} is coherent.
Fix ¢ < ¢ and n < w such that z¢ [ n € dom(p) i.e. s = (e [ n) € Cy,.

If C; is finite then we need that Csy = Cy, N s*; this is assured by condition (iv)-(d) above. Suppose
that Cjs is infinite; we need to check that

U N st C ns and C’t£ nrt=csnr
forr=s] ht(niax(n,g£ N s%)) + 1. Recall that
T
Nee ={teN(e+1):ecvsfandn, = {sN(e+1): € € Unax(s) }-

Note that u € ne, N s* iff u = te N (e + 1) for some ¢ € v5 N max(s). Furthermore, v5 N max(s) =
V5 Nen—1 C Vmax(s) by the choice of s and condition (iv)-(c). Hence, as s C t¢, we get that 7, N st C ns.
Finally, note that condition (iv)-(c) says that Cs and C, agree below sN(e,,—1+1) and max(n, Ns*) <
(s Nep—1 + 1). This shows Ci, N r=C,Nrt. O

This finishes our main induction and, as transitivity and coherence are preserved at limit steps, we

constructed a transitive and coherent ladder system C' on the tree T. It is left to prove

Claim 6.4.5. Chr(X¢) > w.

Proof. Fix a colouring f : T — w; we will find s,t € T such that f(s) = f(¢t) and s € C;. We fix an
increasing sequence (M,, : n € w) of countable elementary submodels of H(¢*) so that S,C, f € M, for
allncwand § =M Nw € S for M = J{M, :n € w}.

We consider the construction of {C; : t € Ts}. Thereis a ¢ < ¢ so that A5 = TN M,, for alln € w and
fe=fT1(MnNT). Our goal is to show that there is an s € C;, such that f(s) = f(t¢); we let [ = f(t¢).
Recall that there is an x = x¢ € 2“ so that t¢ = ¢(v) and Cy, = {p(x [ k) : k <w,z [ k € dom(p)}; we
will show that there is an n < w such that z [ n € dom(p) and f(p(z | n)) = I, which finishes the proof.
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We first show that C%, is infinite, equivalently that there are infinitely many n € w such that
x | n € dom(yp). Suppose otherwise i.e. there is an ng < w such that z [ n ¢ dom(p) for all n € w \ ny.
Let n be the minimal element of w \ ng such that [ = I,.

Now, recall how we tried to construct ¢(z [ n): we looked at the set Rf:[n (elements from AS,
which satisfied conditions (a’)-(d’)) and if Ri i, Was not empty then we put z [ n € dom(p) and chose
oz [n)e Ri tn- Let us show that Ri 1, is not empty. Let

R={seT:s>¢(x[n),f(s)=Il,and Cs ={p(x [ k) : k<n,z |k € dom(p)}}

and note that R is in the model M,, and RN M,, C Ri i Hence, by elementarity, it suffices to show
that R # (. However, this is clear as t¢ € R. This contradicts = | n ¢ dom(y) and in turn shows that
C’t£ is infinite.

Now, with a quite similar argument, we will show that = [ n € dom(p) for the minimal n € w such
that [ = [,; this finishes the proof of the claim as s = p(z [ n) € Cy, and f(s) =1 = f(te). Again, we

look at Ri[n and prove that Ri[n # (). Consider

R={seTnsupp(C):s >z [n),f(s)=ln,
{o(x [ k):k<n,z|kedom(p)} U{s} is complete,
Vs Nen—1 C Vimax(sy and Cs N1t = {p(x [ k) : k < n,z | k € dom(p)} for r = s N (g,1 + 1)}

It is clear that R € M, and RN M, C Rirn hence it suffices to show, by elementarity, that R # 0.
However, t¢ € R.
O

This finishes the proof of the theorem. o

6.5 A new triangle-free graph in ZFC

In this section, we adapt ideas of A. Hajnal and P. Komjéath [42] to our setting and construct a ladder
system C on T = T'(S) (with S C wq stationary) so that X¢ is uncountably chromatic, triangle free and
contains no copies of the graph H,, .,42. A graph with these particular properties is constructed in [42]
but using the Continuum Hypothesis and later in ZFC in [64, Theorem 10]. Our construction is also

purely in ZFC.

Definition 6.5.1. Suppose that T is a tree. A cycle xo,x1,....x, = xo in G(T) is special if it is the

union of two <p-monotone paths.

Note that every triangle is a special cycle. Our aim is to construct a graph of the form X without

special cycles.

Definition 6.5.2. Suppose that T is a tree of the form T(S), X is a subgraph of G(T) and v < w1. We
say that a vertex v € T is y-covered in X iff there exists a point w € T<~ and a monotone path from w
tovin X.

A ladder system C on T is sparse iff s is not max(r)-covered in X¢ for each t € T and r,s € Cy
with r < s.
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Note that if C' is sparse then C; is independent in X¢ for all ¢ € T" and hence X is triangle free.

The following was essentially proved in [42] and motivates the definitions above:
Lemma 6.5.3. Suppose that C is a ladder system on T'. Then
1. if C is sparse then X¢ contains no special cycles,
2. if X¢ contains no special cycles then X¢ contains no triangles or copies of Hy 2.

Proof. (1) Suppose that zg,x1,...x, = xg is a special cycle with max(x;) = «;. Hence, there is i < n
so that a; < oy if ¢ # j < n. In particular, z;—1, 241 € Cs, and without loss of generality o;—1 <
a;+1 < «;. However, this implies that z;11 is «;_1-covered, witnessed by the path x,,x,_1,... %11,
which contradicts that C is sparse.

(2) Tt is clear that every triangle is a special cycle. Now, suppose that {z;,9;,2,2" : i < w} is a

subgraph of X¢ isomorphic to H,, .2 i.e. the following pairs of points are edges

{{xi’yj}7 {xiaz}a {Ziazl} 1< j € N}

First, as x; and x; have infinitely many common neighbours (for i < j < w) they must be <p-comparable;
hence we can suppose that zg <r z; <r .... Second, either z or z’ is <p-below infinitely many z; so
we might as well suppose that z < x; for all + < w. Finally, we have z <p zg <7 x1 and xg, 1 have
infinitely many common neighbours of the form y; with max(y;) > «;. In particular, we can find special

cycles of length 4 which contradicts our assumption. o

Hence, we will aim at constructing sparse ladder systems C such that the corresponding graphs X¢

are uncountably chromatic. Before that, we need the following

Lemma 6.5.4. Fiz a stationary S C wy and let T = T(S). Suppose that X is a subgraph of G(T) and
f:T — w. Then there is § € w1 and t € Ts so that for every n € w either:

1. for every r >t and every v € wy there is an s > r with f(s) =n which is not y-covered in X, or
2. everyr >t with f(r) =n is §-covered in X.
We will say that the vertex t decides f.

Proof. Take a countable elementary submodel M < H(c") with f, X, S € M so that M Nw; = 4§ € S.
Fix a cofinal sequence {d,, : n € w} of type w in .
Now, construct a sequence tg < .... < t, < ...in M NT so that max(t,) > 6, and for every n € w

either

(i) for every r > t 41 and every v € w; there is an s > r with f(s) = n which is not y-covered in X,

or
(ii) there is a 7, € 0 so that every r > t,,11 with f(r) = n is v,-covered in X.

We can pick tg € M NT with max(tg) > do arbitrarily. Given t,, € M we select ¢, ; € M above t,, so
that max(t, ) > dnq1. If the choice t,, 41 = t],,; satisfies (i) from above then we are done; otherwise,
there is 41 > t;,, and v = v, so that every r > t,41 with f(r) = n is y,-covered. t,41 and 7, can

be chosen in M by elementarity so we are done.
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Now, let t = [J{t,, : n € w} U {d} and note that ¢t € Ts; we claim that this ¢ decides f. Indeed, as
t > t, for all n € w and t, satisfies (i) or (ii), ¢t must satisfy either 1. or 2. respectively.
O

We are ready to prove the main result of this section:

Theorem 6.5.5. Fiz a stationary S C wy and let T = T(S). Then there is subgraph X of G(T) with

Chr(X) = wy such that X contains no special cycles; in particular, X contains no triangles or copies of

Hw,w+2-

Proof. It suffices to construct a sparse ladder system C on T' so that Chr(X¢) = wy; indeed, by Lemma
6.5.3, a sparse ladder system C' induces a graph X¢ on T with no special cycles and hence no triangles
or copies of Hy, ,12.

We define a sparse ladder system (C : t € T<s) by induction on § € S’ and so that C; =0 ift € T
is a successor. First, let C; = 0 for t € Teming’. Suppose we constructed C; for t € Ts and we now
extend this ladder system to T s+ where 6T is the minimum of S’ \ (§ + 1) in two steps. First, we define
Cy for t € Ts and then let C, = () for t € T.5+ \ T<s. We may suppose ¢ € S, otherwise T5 = ().

Let {(Ae¢, fe,toe) : £ < ¢} denote a 1-1 enumeration of all triples (A, f,to) with A € [T5]“, f: A > w
and ¢y € A so that

(%) for every t € A and € < § there are incomparable 50, s1 € A so that s* >t and max(si) > e fori < 2.

By induction on £ < ¢ we define t¢ € T5 \ {t¢ : ( <&} and Gy, C té (while preserving that the ladder
system is sparse). Suppose we have {t; : ( < £} defined and consider the triple (Ag, fe, to¢). Fix a cofinal
increasing sequence {0, : n € w} of type w in ¢.

We define a map ¢ : 2<“ — A, and a partial map ¢ : 2<“ — A¢ so that

(i) ¥ and @ are order preserving injections and

tog < P(z) < p(x) < P(z71)
for ¢ < 2 provided that z € dom(yp),
(ii) ¥(270) and ¥ (z"1) are incomparable and contained in A¢ \ Ts,,,
(iii) ¢(x) is not max (¢ (x))-covered,
(iv) if there is an s € A¢ such that
(a) 5 > ¥(2), fe(s) = n,
(b) s is not max(¢(z))-covered

then z € dom(p) and ¢(z) satisfies (a)-(b) as well

for all z € 2" and n € w.
We define ¢(x) and ¢(x) for = € 2™ by induction on n € w. We select (0)) > to¢ arbitrarily in Ae.
Given ¢(z) for x € 2" we look at the set

RS = {s € A¢ : s > (), fe(s) = n and s is not max(¢)(x))-covered}.
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If RS is not empty then let € dom(y) and pick any p(z) € RS; otherwise x ¢ dom(y). Now, using
condition (x) of Ag, select incomparable ¢ (x~0) and (2" 1) so that conditions (i)-(ii) are satisfied. This
finishes the construction of ¢ and ¢.

Now extend ) to 2% in the obvious way:

Y(@) = Jw@ 1 k) k <whu{s}

for € 2¢; note that ¢ (z) is a closed subset of S by the second part of condition (ii) and hence
Y(x) € Ts for all x € 2. Also, 1 remains 1-1 on 2¢ by the first part of condition (ii). Hence, we can
find an x¢ € 2% such that ¢¥(z¢) € T5 \ {t¢ : ( <&} and we let t¢ = 9¥(x¢). Finally, let

Cre = {p(xe k) 1 k <w,z¢ | k € dom(p)}.

Note that condition (iii) ensures that C;, is sparse. This finishes the induction on § < ¢ and in turn the
induction on § € S’.

We are left to prove

Claim 6.5.6. Chr(X¢) > w.

Proof. Fix a colouring f : T — w; we will find s,¢ € T so that f(s) = f(¢) and s € C;. Take a countable
elementary submodel M < H(c™) so that S,C, f € M and § = M Nw; € S. By Lemma 6.5.4, we can
find tg € M NT so that tg decides f.

Now, consider the construction of {C; : t € Ts}; note that there is a £ < ¢ so that (Ag, fe,toe) =
(A, f I A to) where A =T N M. We will show that there is s € Cy, with f(s) = f(t¢).

Let f(te) = n.

Observation 6.5.7. For every r > to and every v € wy there is an s > r with f(s) = n which is not

~-covered .

Proof. Recall that to = toe decides f, so if the above statement fails then every r > to with f(r) =n is
max(tg)-covered. In particular, t¢ is max(t)-covered. However, this implies that Ci, is not empty and
there is s € Cy, which is max(tp)-covered (note that s > to for all s € Cy,). However, every s € Cf, is

not max(tog¢)-covered by conditions (i) and (iii) above; this contradiction finishes the proof. O

Recall that there is an € 2 such that t¢ = ¢(z) and Ci, = {¢(x [ k) : k < w,z [ k € dom(p)}.
Our aim is to show that = [ n € dom(y) and hence f(s) = f(t¢) for s = p(z [ n) € C;,. Thus we need
to prove that

Rﬁ,rn ={se s :s>¢(x | n), fe(s) =n and s is not max(¢p(x | n))-covered}

is not empty.
Let
R={seT:s>¢(x[n),f(s)=n and s is not max(¢»(z | n))-covered}

and note that Ri in = RN M and R € M. Hence, by elementarity, it suffices to show that R # (. This
clearly follows from Observation 6.5.7 applied to r = ¢(z [ n) and v = max(¢(z [ n)).
O
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This finishes the proof of the theorem. O

Let us remark that sparse and transitive ladder systems represent two extremes in the spectrum of
subgraphs of G(T'); if C is sparse then C; is an independent set while if C is transitive then C; is a
complete subgraph.

6.6 More on trees and ladders

We would like to point out that some of the graphs defined in our paper satisfy strong partition properties.
If T is a tree and X is a subgraph of G(T') then we write

X = (Kw“l’l)i)

iff for every colouring f : T — w there is an n € w and a set A C T'N f~1(n) of <p-order type w + 1
such that A spans a complete graph (i.e. A is a monochromatic copy of K, 1). Clearly, X — (K1)}
implies that Chr(X) > w but not necessarily the other way; indeed, as seen in Theorem 6.5.5, there are
even triangle free subgraphs of G(T') (for some T') which are uncountably chromatic.

Let us first show that satisfying the above partition property or having large chromatic number are

equivalent for transitive ladder systems.

Proposition 6.6.1. Suppose that T is a tree and C is a ladder system on T. If C is transitive and
Chr(X¢) > w then
Xc — (Kerl)i;'

Proof. Fix an f : T — w; we will show that there is an n € w and t € f~1(n) so that A = C; N f~1(n)
is infinite hence, by transitivity, A U {t} gives a monochromatic copy of K41 in X¢.

Suppose otherwise i.e. C; N f~1(n) is finite for every ¢t € T with f(t) = n. We can define a new
colouring ¢ : T — w X w using induction on the height so that g(t) = (f(¢),1(t)) where g1(t) =
max{gi(s) : s € Cy N f~1(n)} + 1 with n = f(¢). It is easy to see that g witnesses Chr(X¢) < w which

is a contradiction. O
The above proposition is nicely complemented by

Observation 6.6.2. If T is a tree of height w1 and C is a ladder system on T then there is no complete
subgraph in X¢ of <r-order type w + 2.

Recall that in the proof of Theorem 6.4.3, we used a ladder system on w; (denoted by v there) to
define another ladder system (denoted by n) on T'= T'(S) for S C w; in a very natural way. We did not

consider the subgraph of G(T’) corresponding to 7 at that point so let us present a result here.

Proposition 6.6.3. Suppose that S C wy is stationary and let T = T(S). Fiz a true ladder system
v=A{vs:d € Lim(wy)} onwy. Let

Co={tn(e+1):e€vs}
for any limit t € Ts and 6 € S and let Cy = () otherwise. Then

XQ - (Kerl)iJ'
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Proof. Let f: T — w. We say that D C T is dense above t € T iff for every s > ¢ there is 7 € D such
that r > s. D is empty above t iff s ¢ D for every s > t.

Claim 6.6.4. There is tg in T so that f~1(k) is either empty or dense above to for every k € w.

Proof. The proof is very similar to the argument seen in Lemma 6.5.4 so we will be brief here. Take a
countable elementary submodel M < H(¢") with f,S € M so that § = M Nw; € S. Build a sequence
sp < s1<...1in TN M so that (max(sy) : k € w) is a cofinal w-type sequence in § and f~1(k) is either

empty or dense above si. It is easy to see that

to=|J{sk : k e w}u {6}
is in T and satisfies the claim. O

Take a countable elementary submodel M < H(cV) with to, f,S, v € M and 6§ = M Nw; € S. Let
{kn : n € w} enumerate those k € w so that f~1(k) is dense above ¢, (or equivalently, not empty above
to), each w times. Let (d,, : m € w) be an arbitrary cofinal w-type sequence in .

We construct tg < t; < ... <t, <..inT NM so that

1. max(tp+1) > on,
2. tpp1 N (en +1) =1, for e, = minws \ (max(t,) + 1),
3. if there is t > t,, in T'N M such that
(a) max(t) > o, tN(en + 1) =1y,
(b) {t;:i<n}CC:and
(c) f(t) = kn
then t = ¢, satisfies (a)-(c) as well.

Let t = J{tn : n € w} U{d}; note that t € Ts and ¢t > ¢, for all n € w. Also, (2) ensures that ¢, € C;
forncwast,=tN(e,+1)and ¢, € vs.
Let k = f(t); as t > to we know that f~1(k) is dense above t5. We claim that

A={tyy1:k=k,,necwlU{t}

is a complete subgraph X¢ and A is coloured with k£ which finishes the proof. It suffice to show that
whenever k,, = k and ¢,,41 is constructed then condition (3) is satisfied. Fix an n € w such that k,, = k.
Consider the set

R,={teTNM:max(t) > p,tN(en+1) =tn,{t; : i <n} CCt and f(t) = kn}

and we wish to show that R,, # 0.
It suffices to show that

R={teT :max(t) > dn,tN(en+1) =tn, {t;: 1 <n} CC; and f(t) = ky}

is not empty as R, = RN M and R € M. However t € R which finishes the proof.
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6.7 Open Problems

First, we mention that the following most general form of the Erdés-Hajnal problem is still open:
Problem 6.7.1. Does every uncountably chromatic graph contain an w-connected subset?

We know, by Theorem 6.3.5, that this w-connected set can only be countable in some cases however
excluding countable w-connected subsets seems to be a very hard problem. Certainly, our construction
in Theorem 6.3.5 contains several countably infinite complete subgraphs (as shown in Proposition 6.6.1).

We don’t know how essential it is to consider trees of the form 7'(S) in finding uncountably chromatic

ladder subgraphs. In particular:

Problem 6.7.2. Suppose that T is a non special tree without uncountable chains. Is there a ladder

system C on T such that the subgraph X¢ of G(T) is uncountably chromatic?

One might start by looking at ¢@Q and Souslin trees first. In general about Hajnal-Maté graphs on

w1, we make the following conjecture:
Conjecture 6.7.3. It is consistent that & holds while there are no Hajnal-Mdté graphs on w.

A recent (and long awaited) result of S. Shelah and H. Mildenberger [91] is the consistency of & with
7every Aronszajn tree is special”. We believe that their method can provide a positive solution to our
conjecture.

We know that the trees T'(S) are quite rigid (see Theorem 1.5.5). Is this true for uncountably

chromatic subgraphs? In particular:

Problem 6.7.4. Are there disjoint stationary sets Sp,S1 C wy such that G(T(Sp))and G(T(S1)) has
a common uncountably chromatic subgraph? If yes, can this subgraph be defined by ladder systems on
T(S;)?

Also, there are several natural directions in which research can be continued on trees and ladder

systems. In particular:
e finding applications in general topology using our framework,

e investigating minimal walks on trees along ladder systems.
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