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Introdu
tion

Consistently, modulo some large 
ardinal,

if f : R → r with r ∈ ω then there is an in�nite X ⊆ R so that

f ↾ X + X is 
onstant.

X + X = {x + y : x , y ∈ X} i.e. repetitions are allowed.

How does this �t into the theory of partition relations?

What goes into the proof of this result?

Joint result with P. Komjáth, I. Leader, P. Russell, S. Shelah, D. T.

Soukup, and Z. Vidnyánszky.
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Evolving partition relations

... an in
omplete overview ...
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Evolving partition relations

If f : ω → r then there is an in�nite X ⊂ ω with f ↾ X 
onstant.

P. H. Prin
iple

ω → (ω)1r
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Evolving partition relations

If f : [ω]k → r then there is an in�nite X ⊂ ω with f ↾ [X ]k 
onstant.

P. H. Prin
iple

ω → (ω)1r

F. P. Ramsey, 1930

ω → (ω)kr
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Evolving partition relations

There is f : [2ℵ0]2 → 2 so that f ′′[X ]2 = 2 for any un
ountable X ⊂ 2

ℵ
0

.

P. H. Prin
iple

ω → (ω)1r

F. P. Ramsey, 1930

ω → (ω)kr

W. Sierpinski, 1933

2

ℵ
0 6→ (ℵ

1

)2
2
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Evolving partition relations

If f : [i+
k−1

]k → r then f ↾ [W ]k is 
onstant for some un
ountable W ⊆ i+
k−1

.

P. H. Prin
iple

ω → (ω)1r

F. P. Ramsey, 1930

ω → (ω)kr

W. Sierpinski, 1933

2

ℵ
0 6→ (ℵ

1

)2
2

Erd®s, Rado 1956

i+
k−1

→ (ω
1

)kr for all r < ω.
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Evolving partition relations

FinSum(X ) = {x
0

+ x
1

+ · · ·+ xℓ : x0 < · · · < xℓ ∈ X} i.e. no repetitions.

P. H. Prin
iple

ω → (ω)1r

F. P. Ramsey, 1930

ω → (ω)kr

W. Sierpinski, 1933

2

ℵ
0 6→ (ℵ

1

)2
2

Erd®s, Rado 1956

i+
k−1

→ (ω
1

)kr for all r < ω.

N. Hindman, 1974

if f : N → r then there is some in�nite X ⊆ N

so that f ↾ FinSum(X ) is 
onstant.
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Evolving partition relations

There is f : [ℵ
1

]2 → ℵ
1

so that f ′′[X ]2 = ℵ
1

for any un
ountable X ⊂ ℵ
1

.

P. H. Prin
iple

ω → (ω)1r

F. P. Ramsey, 1930

ω → (ω)kr

W. Sierpinski, 1933

2

ℵ
0 6→ (ℵ

1

)2
2

Erd®s, Rado 1956

i+
k−1

→ (ω
1

)kr for all r < ω.

N. Hindman, 1974

if f : N → r then there is some in�nite X ⊆ N

so that f ↾ FinSum(X ) is 
onstant.

S. Todor
evi
, 1987

ℵ
1

6→ [ℵ
1

]2ℵ
1
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Evolving partition relations

If f : [2ℵ0]2 → 3 then there is an un
ountable X ⊂ 2

ℵ
0

with |f ′′[X ]2| ≤ 2.

P. H. Prin
iple

ω → (ω)1r

F. P. Ramsey, 1930

ω → (ω)kr

W. Sierpinski, 1933

2

ℵ
0 6→ (ℵ

1

)2
2

Erd®s, Rado 1956

i+
k−1

→ (ω
1

)kr for all r < ω.

N. Hindman, 1974

if f : N → r then there is some in�nite X ⊆ N

so that f ↾ FinSum(X ) is 
onstant.

S. Todor
evi
, 1987

ℵ
1

6→ [ℵ
1

]2ℵ
1

S. Shelah, 1988

Con(2ℵ0 → [ℵ
1

]2
3

)
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Mono
hromati
 sumsets in N

Easy Ramsey 
onsequen
e: if f : N → r with r ∈ ω then there is an in�nite

X ⊆ N so that

f ↾ X ⊕ X is 
onstant.

Here X ⊕ X = {x + y : x 6= y ∈ X} i.e. repetitions are not allowed.

Proof:

if f : N → r then let g : [N]2 → r de�ned by g(x , y) = f (x + y),

if X ⊂ N and g ↾ [X ]2 is 
onstant then f ↾ X ⊕ X is 
onstant too.

[Owings, Hindman 1970s℄ What happens if we allow repetition?
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Mono
hromati
 sumsets in N - with repetitions?

X + X = X ⊕ X ∪ {2x : x ∈ X}.

There is f : N → 4 without in�nite mono
hromati
 sumsets:

f (x) = ⌊log√
2

(x)⌋ mod 4.

Suppose that X ⊆ N is in�nite and take y << x ∈ X .

| log√
2

(x)− log

√
2

(x + y)| < 1,

|f (x) − f (x + y)| ≤ 1 mod 4.

f (2x) = ⌊log√
2

(x) + 2⌋ = f (x) + 2 mod 4 so f (2x) 6= f (x + y).

Can we do this with 2 
olours???
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Mono
hromati
 sumsets in R

Started in [Hindman, Leader, Strauss 2015℄

If f : R → r is Baire/Lebesgue measurable then there is a perfe
t

∅ 6= X ⊆ R so that

f ↾ X + X is 
onstant.

Without de�nability?

There is an f : R → 2 so that

f ′′X ⊕ X = 2 for every un
ountable X ⊂ R.

[HLS℄ using CH, [Komjáth, DTS, Weiss℄ in ZFC, and 
onsistently

the number of 
olours is best possible.
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Mono
hromati
 sumsets in R

Continued by [Fernandez-Breton, Rinot 2016℄:

how to realize more 
olours on sets of the form FinSum(X ) (no
repetitions),

general theorems on un
ountable, 
ommutative, 
an
ellative

semigroups G .

Bottom line: without de�nabilty,

In�nite sumsets are best possible on R with repetition allowed.
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Mono
hromati
 sumsets - with repetitions

Re
all: ∃ f : N → 4 so that f ↾ X + X is not 
onstant for an in�nite X ⊂ N.

Let G (κ) =
⊕

κQ i.e. x : κ → Q with |supp(x)| < ω. E.g. G (2ℵ0) ≈ R.
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Mono
hromati
 sumsets - with repetitions

If f : G(κ) → r then f ↾ X + X is 
onstant for some in�nite X ⊂ G(κ).

Let G (κ) =
⊕

κQ i.e. x : κ → Q with |supp(x)| < ω. E.g. G (2ℵ0) ≈ R.

Notation:

G (κ)
+→ (ℵ

0

)r
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Notation:

G (κ)
+

6→ (ℵ
0

)r e.g. N
+

6→ (ℵ
0

)
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Mono
hromati
 sumsets - with repetitions

∃ f : G(κ) → r so that f ↾ X + X is not 
onstant for an in�nite X ⊂ G(κ).

Let G (κ) =
⊕

κQ i.e. x : κ → Q with |supp(x)| < ω. E.g. G (2ℵ0) ≈ R.

[Hindman, Leader, Strauss℄
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Mono
hromati
 sumsets - with repetitions

∃ f : Q → 72 so that f ↾ X + X is not 
onstant for an in�nite X ⊂ Q.

Let G (κ) =
⊕

κQ i.e. x : κ → Q with |supp(x)| < ω. E.g. G (2ℵ0) ≈ R.

[Hindman, Leader, Strauss℄

Q
+
6→ (ℵ

0

)
72

.
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Mono
hromati
 sumsets - with repetitions

∃ f : G(m) → 72 so that f ↾ X + X is not 
onstant for an in�nite X ⊂ G(m).

Let G (κ) =
⊕

κQ i.e. x : κ → Q with |supp(x)| < ω. E.g. G (2ℵ0) ≈ R.

[Hindman, Leader, Strauss℄

Q
+
6→ (ℵ

0

)
72

.

G (m)
+
6→ (ℵ

0

)
72

for m < ω.
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Mono
hromati
 sumsets - with repetitions

∃ f : G(ℵ
0

) → 144 so that f ↾ X + X is not 
onstant for an in�nite X ⊂ G(ℵ
0

).

Let G (κ) =
⊕

κQ i.e. x : κ → Q with |supp(x)| < ω. E.g. G (2ℵ0) ≈ R.

[Hindman, Leader, Strauss℄

Q
+
6→ (ℵ

0

)
72

.

G (m)
+
6→ (ℵ

0

)
72

for m < ω.

G (ℵ
0

)
+
6→ (ℵ

0

)
144
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Mono
hromati
 sumsets - with repetitions

∃ f : G(ℵm) → 2

m · 144 so that f ↾ X + X is not 
onstant for an in�nite X .

Let G (κ) =
⊕

κQ i.e. x : κ → Q with |supp(x)| < ω. E.g. G (2ℵ0) ≈ R.

[Hindman, Leader, Strauss℄

Q
+
6→ (ℵ

0

)
72

.

G (m)
+
6→ (ℵ

0

)
72

for m < ω.

G (ℵ
0

)
+
6→ (ℵ

0

)
144

G (ℵm)
+
6→ (ℵ

0

)
2

m ·144 for m < ω.
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Mono
hromati
 sumsets - with repetitions

∃ f : R → r so that f ↾ X + X is not 
onstant for an in�nite X .

Let G (κ) =
⊕

κQ i.e. x : κ → Q with |supp(x)| < ω. E.g. G (2ℵ0) ≈ R.

[Hindman, Leader, Strauss℄

Q
+
6→ (ℵ

0

)
72

.

G (m)
+
6→ (ℵ

0

)
72

for m < ω.

G (ℵ
0

)
+
6→ (ℵ

0

)
144

G (ℵm)
+
6→ (ℵ

0

)
2

m ·144 for m < ω.

Corollary

If 2

ℵ
0 < ℵω then

R
+
6→ (ℵ

0

)r

for some r < ω.
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Positive relations through 'position invarian
e'

Given s ∈ Q<ω
and a ∈ [κ]|s|, let

x = s ∗ a ∈
⊕

κ

Q

by supp(x) = a and x(a(i)) = s(i).

Suppose that c :
⊕

κ
Q → 2, and let

cs : [κ]|s| → 2 by

cs(a) = c(s ∗ a).

If κ is large enough then there is a

large W ⊆ κ so that csi are 
onstant

on W for i = 0, 1, 2.

Assume that cs
1

and cs
2

are both 
onstant 0.

Let α < β < γ
0

< γ
1

< · · · ∈ W .
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α β γ
0

γ
1

γ
2
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Positive relations through 'position invarian
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Given s ∈ Q<ω
and a ∈ [κ]|s|, let
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Assume that cs
1

and cs
2

are both 
onstant 0.

Let α < β < γ
0

< γ
1

< · · · ∈ W .

α β

2

1

x
0

γ
0

Let ai = {α, β, γi} and xi =
1

2

s
1

∗ ai .
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α β

2

1

x
2

γ
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Let ai = {α, β, γi} and xi =
1

2

s
1

∗ ai .

c(2xi ) = cs
1

(ai ) = 0 = cs
2

(ai ∪ aj ) = c(xi + xj).
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Positive relations through 'position invarian
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2

2xi 4

α β γi
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If cs
0

, cs
2

have the same 
onstant then we need

tp(W ) = ω + ω.
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Corollaries

[Komjáth℄ and [Leader, Russell℄ independently

⇒ G (κ)
+→ (ℵ

0

)r where κ = i
2r−1

(ℵ
0

),

⇒ G (ℵω)
+→ (ℵ

0

)r for r < ω under GCH. In ZFC maybe???

using the Erd®s-Rado theorem.

[DTS, Vidnyánszky℄

⇒ G (c+)
+→ (ℵ

0

)
2

,

using polarized partition relations instead.

⇒ G (ℵω)
+→ (ℵ

0

)r for r < ω 
onsistently from a measurable,

with CH and 2

ℵ
1 = ℵω+1

,

using a version of [Todor
evi
, di Pris
o℄ polarized relation for ℵω

with σ-
losed for
ing.
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Positive relations on R - the main result

Re
all: if 2

ℵ
0 < ℵω then R

+

6→ (ℵ
0

)r for some r < ω.

Consistently, modulo an ω
1

-Erd®s 
ardinal,

R
+→ (ℵ

0

)r for any r < ω.

The main ingredients are

the position invarian
e from previous proofs, but

polarized relations under MAℵ
1

(Knaster), and

[S. Shelah℄ Consistently, modulo an ω
1

-Erd®s 
ardinal, if

f : [2ℵ0 ]<ω → r then there is an un
ountable X and F : X →֒ 2

ω
so

that f (x̄) only depends on the �nite tree F [x̄ ] for x̄ ∈ [X ]<ω
.
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Various open problems

[Owings, 1974℄

N
+
6→ (ℵ

0

)
2

???

Conne
ted to our results:

R
+→ (ℵ

0

)
2

in ZFC??

G(ℵω)
+→ (ℵ

0

)r for r < ω in ZFC???

R
+→ (ℵ

0

)r if 2

ℵ
0

is real-valued

measurable?

R
+→ (ℵ

0

)r without large 
ardinals?

unbalan
ed sumsets X + Y (or X ⊕ Y )?

What is the smallest r so that G(κ)
+
6→ (ℵ

0

)r
for a parti
ular κ (�nite, or ℵm)??

Mono
hromati
 k-sumsets: X + X + · · ·+ X?

[HLS℄ There is a �nite 
olouring of G(ℵn) with

no in�nite mono
hromati
 k-sumsets (n < ω),

[DS, Vidnyánszky℄ There is a �nite 
oloring of

R with no in�nite mono
hromati
 k-sumsets for

k ≥ 3.

We are far from a 
omplete pi
ture.

[Shelah, 1988℄

Is 2

ℵ
0 = ℵm → [ℵ

1

]2
3


onsistent

for some m < ω???

Is 2

ℵ
0 > λ → [ℵ

1

]2
3


onsistent???
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0

)r for r < ω in ZFC???

R
+→ (ℵ

0

)r if 2

ℵ
0

is real-valued

measurable?

R
+→ (ℵ

0

)r without large 
ardinals?

unbalan
ed sumsets X + Y (or X ⊕ Y )?

What is the smallest r so that G(κ)
+
6→ (ℵ

0

)r
for a parti
ular κ (�nite, or ℵm)??

Mono
hromati
 k-sumsets: X + X + · · ·+ X?

[HLS℄ There is a �nite 
olouring of G(ℵn) with

no in�nite mono
hromati
 k-sumsets (n < ω),

[DS, Vidnyánszky℄ There is a �nite 
oloring of

R with no in�nite mono
hromati
 k-sumsets for

k ≥ 3.

We are far from a 
omplete pi
ture.

[Shelah, 1988℄

Is 2

ℵ
0 = ℵm → [ℵ

1

]2
3


onsistent

for some m < ω???

Is 2

ℵ
0 > λ → [ℵ
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Various open problems � Thank you for your attention!
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