
HITCHHIKER'S GUIDE TO COLORING PAIRS OF ℵ2NOTES BY DÁNIEL T. SOUKUPAbstrat. The aim of this note is to present Shelah's elebratedoloring theorem [4℄ of pairs of ω2 by losely following S. Todorevi[7℄. The only aim of this paper is to ollet all preliminary resultsand standard triks in a single plae whih hopefully makes theresults more aessible to interested non-speialists.1. IntrodutionOur goal is to present a proof of the following theorem in a self-ontained manner:Main Theorem. There is a c : [ω2]
2 → ω2 suh that for every n ∈ ω,for every pairwise disjoint A ∈ [[ω2]

n]ω2 and every h : n×n → ω2 thereis a < b ∈ A suh that
c(a(i), b(j)) = h(i, j)for all i, j ∈ n.Here a < b means that α < β for all α ∈ a, β ∈ b and a(i) denotesthe ith element of a with respet the natural ordering.We will prove the Main Theorem in four stages as follows:Stage I: we de�ne a standard "square braket" oloring f on ω1,Stage II: using the above oloring f , we de�ne a map g : ω<ω

1 → ω1with strong properties reminisent of square braket olor-ings1,Stage III: we onstrut a map c0 : [ω2]
2 → ω1 whih has the universalproperties of our Main Theorem with ω1-many olors andonstant funtions h2,Stage IV: we modify c0 in two smaller, independent steps to get aoloring c : [ω2]

2 → ω2 satisfying the requirements of theMain Theorem.2010 Mathematis Subjet Classi�ation. 03E02.Key words and phrases. oloring, square braket.1
Pr6-type oloring in Shelah's notation2
Pr1-type olorings in Shelah's notation1



2 NOTES BY DÁNIEL T. SOUKUPIn the proofs, the reader will �nd the de�nition of the orrespondingoloring in the �rst paragraph; this makes it possible to get a sense ofthe idea while not spending muh time heking the details.Finally, it is not our goal to show the importane of the Main The-orem however we mention two appliation.Shelah's original motivation was to prove that there are two ℵ2-hain ondition posets P0, P1 (i.e. no anti-hains of size ℵ2 in Pi) withthe produt ontaining an anti-hain of size ℵ2. Reall that the sameproblem for ℵ1-hain ondition is undeidable in ZFC [8℄. De�ne
Pi = {p ∈ [ω2]

ω : c”[p]2 = {i}}with c from the Main Theorem and i ∈ 2. Then P0, P1 witnesses theabove fat.The seond appliation is to topology; a signi�ant portion of settheoreti topology in the 20th entury revolved around the problemof S-and L-spaes [3℄, i.e. determining the onnetion between regularhereditarily separable (HS) and hereditarily Lindelöf spaes (HL). Itwas soon realized that there are many models of ZFC where theseproperties do not imply eah other i.e. the existene of S-spaes andL-spaes. The researh ulminated in two deep results: S. Todoreviproved that PFA implies that every HS spae must be HL [5℄ (nielyworked out at [2℄) and J. Moore proved that there is, in ZFC, an HLspae whih is not HS [1℄.Naturally, one an ask the same question for higher ardinals thusde�ning the lass of κ-HL and κ-HS spaes. The oloring of MainTheorem provides us ω2-HL spaes whih are not ω2-HS and via versa:Theorem 1.1. There are dense subsets X, Y ⊆ 2ω2 suh that X is rightseparated in order type ω2 and has density ω1 while Y is left separatedin order type ω2 and has Lindelöf-degree ω1.It is an intriguing open problem whether there are ompat spaeswith the above properties. Stage IOur �rst theorem is the now lassial result of S. Todorevi [6℄:Theorem 1.2. There is f : [ω1]
2 → ω1 suh that for every n ∈ ω and

A = {τγ : γ ∈ ω1} ⊆ ωn
1 with pairwise disjoint range and every ξ ∈ ω1there is ζ < γ < ω1 suh that

f(τζ(i), τγ(i)) = ξfor all i < n.



HITCHHIKER'S GUIDE TO COLORING PAIRS OF ℵ2 3We will (loally) refer to the above situation as realizing the olor ξ.This theorem is usually stated for pairwise disjoint �nite sets {τγ :
γ ∈ ω1} rather than �nite sequenes with disjoint range. Also, thereader �rst enountering this argument is enouraged to work out the
n = 1 ase only, i.e. where A is simply an unountable subset of ω1.Proof. Note that it su�es to onstrut f0 : [ω1]

2 → ω1 suh that theset of ξ < ω1 realized by the oloring f0 ontains a lub. Indeed, ifthe map ξ 7→ ξ∗ takes eah value stationary often then the oloring
f(α, β) = f0(α, β)

∗ realizes all olors.Now, pik a 1-1 sequene of reals R = {rα : α < ω1} ⊆ 2ω and let
∆(α, β) = min{n ∈ ω : rα(n) 6= rβ(n)}for α < β < ω1. Also, �x a sequene eα : α → ω of 1-1 maps. Let

f0(α, β) = min
(

(e−1
β (∆(α, β)) ∪ {β}) \ α

)for α < β < ω1.We prove that f0 works for lub many olors ξ ∈ ω1; indeed, weprove that if ξ = M ∩ ω1 for some ountable elementary submodel of
H(ℵ2) with ω1, R, (eα)α∈ω1

... ∈ M then we an realize the olor ξ.Fix M as above and let ξ = M ∩ ω1; pik any τγ suh that b =
ran τγ ⊆ ω1 \ ξ. Let m = max{eβ(ξ) : β ∈ b}+ 1 and onsider the set

B = {ζ < ω1 : ∀i < n : rτζ(i) ↾ m = rτγ (i) ↾ m}.It should be lear that B ∈ M and γ ∈ B whih implies that |B| = ω1.Let
S = {s ∈ (2<ω)n : ∀i < n : si = rτγ(i) ↾ (|si| − 1)⌢(1− rτγ(i)(|si|))}and let Bs = {ζ ∈ B : (rτζ(i) ↾ |si|)i<n = s} for s ∈ S. Note that an

s ∈ S simply de�nes the plae where the sequene of reals (rτζ(i))i<n�rst di�ers from (rτγ(i))i<n.Then B \ {γ} = ∪{Bs : s ∈ S} thus there is s ∈ S suh that
|Bs| = ω1. Note that the value of (∆(τζ(i), τγ(i)))i<n ∈ (ω \ m)n isonstant if ζ runs over Bs. Call this sequene (mi)i<n and let

F = ∪{e−1
τγ (i)

(mi) : i < n}.Note that F ∩ξ is a �nite set in M and Bs ∈ M is unountable thus wean pik ζ ∈ Bs suh that ran τζ ⊆ ω1 \ (maxF +1). It is now straight-forward to hek that the above hoies guarantee f0(τζ(i), τγ(i)) = ξfor all i < n. �



4 NOTES BY DÁNIEL T. SOUKUPStage IIThe next somewhat tehnial result will play a key role in de�ningthe �nal olorings; although at this point, it is very far from trivial tosee how we will utilize this partiular map to de�ne a oloring on pairsof ω2.Theorem 1.3. There is g : ω<ω
1 → ω1 suh that for every {τγ : γ ∈

ω1} ⊆ ω<ω
1 with γ ∈ ran(τγ) and every ξ ∈ ω1 there is γ < δ < ω1 suhthat

g(σ⌢ϑ) = ξfor all σ ⊆ τγ, ϑ ⊆ τδ with γ ∈ ran(σ) and δ ∈ ran(ϑ).Proof. Pik a 1-1 sequene of reals R = {rα : α < ω1} ⊆ 2ω and let
∆(τ) = max{∆(rτ(i), rτ(j)) : i, j < n, τ(i) 6= τ(j)}for any non onstant τ ∈ ω<ω

1 , i.e. ∆ �nds the minimal distane ap-pearing in the set {rτ(i) : i < n}. In partiular, the reals {rτ(i) : i < |τ |}already di�er restrited to ∆(τ) + 1. We �x a oloring f as de�ned inStage I and let
g(τ) = f(τ(i), τ(j))where (i, j) = min{(p, q) ∈ |τ |2 : ∆(τ) = ∆(rτ(p), rτ(q))} and τ ∈ ω<ω

1is non onstant; otherwise g(τ) = 0 for onstant τ ∈ ω<ω
1 .We prove now that g works; pik a set {τγ : γ ∈ ω1} ⊆ ω<ω

1 as aboveand note that we an suppose that the sequenes are non onstant.Otherwise, τγ is onstant γ and g(σ⌢ϑ) = f(γ, δ) for all σ ⊆ τγ , ϑ ⊆ τδwith γ ∈ ran(σ) and δ ∈ ran(ϑ). Thus eah olor ξ ∈ ω1 is realized bythe hoie of f .Now, we an thin out the sequene {τγ : γ ∈ ω1} so that there are
k, l,m ∈ ω and I ∈ [ω1]

ω1 :(i) |τγ| = l and ∆(τγ) = m for all γ ∈ I,(ii) (rτγ(i) ↾ m+ 1)i<l is onstant in γ ∈ I,(iii) {ran τγ : γ ∈ I} is a ∆-system with root c,(iv) τγ(k) = γ for all γ ∈ I and(v) ∆(rτγ(i), rτδ(i)) > m for all γ < δ ∈ I and i < l,(vi) τγ(i) = τγ(j) i� τζ(i) = τζ(j) for all γ < ζ ∈ I and i < l.Fix an arbitrary olor ξ ∈ ω1 whih we wish to realize; by the propertiesof f , we an �nd γ < δ ∈ I suh that
f(τγ(i), τδ(i)) = ξfor all i < l and τγ(i) ∈ ran τγ \ c. We wish to show that γ, δ works for

g so �x σ ⊆ τγ , ϑ ⊆ τδ with γ ∈ ran(σ) and δ ∈ ran(ϑ). Note that γ



HITCHHIKER'S GUIDE TO COLORING PAIRS OF ℵ2 5and δ share the same position in ran τγ \ c and ran τδ \ c by (iv) thus
∆(γ, δ) > m by (v). Hene ∆(σ⌢ϑ) > m. Let g(σ⌢ϑ) = f(τ(i), τ(j))where (i, j) is the pair piked by the de�nition of g. Let ζ = σ⌢ϑand note that ζ(i) and ζ(j) annot be both in ran τγ or ran τδ by (i).Also, i and j must share the same position in the running part of the
∆-system; otherwise (ii) implies that rζ(i) and rζ(j) already di�er below
m whih ontradits ∆(ζ) = ∆(rζ(i), rζ(j)) > m . Hene, there is n < lsuh that τγ(n) = ζ(i) and τδ(n) = ζ(j) (or via versa τγ(n) = ζ(j)and τδ(n) = ζ(i)) and

g(ζ) = f(τγ(n), τδ(n)) = ξ.

�Stage IIIBefore de�ning the oloring of this stage, we need some further no-tions.De�nition 1.4. A C-sequene on ω2 is a sequene {Cα : α ∈ ω2} suhthat for all α ∈ ω2:(1) Cα is a losed unbounded subset of α with order type equal tothe o�nality of α,(2) if ζ ∈ Cα is a suessor element of Cα then ζ is a suessorordinal.We �x a C-sequene {Cα : α ∈ ω2} for the rest of the setion.The minimal walk (along the C-sequene) from β to α (where α <

β < ω2) is a �nite dereasing sequene β = β0, β1, ..., βn = α de�nedreursively by
βi+1 = minCβi

\ αprovided βi 6= α.The set {β0...βn} is alled the upper trae of the walk and is denotedby Tr(α, β). Furthermore, let
λ(α, β) = max{max(Cβi

∩ α) : βi ∈ Tr(α, β) \ {α}}for α < β < ω2. Note that λ(α, β) < α andObservation 1.5. For every α < β < γ < ω2 suh that λ(β, γ) < αthe minimal walk from γ to β is an initial segment of the walk from γto α.We are now ready to de�ne the oloring of this stage:



6 NOTES BY DÁNIEL T. SOUKUPTheorem 1.6. There is a c0 : [ω2]
2 → ω1 suh that for every n ∈ ω,for every pairwise disjoint A ∈ [[ω2]

n]ω2 and every ξ < ω1 there is
a < b ∈ A suh that

c0(a(i), b(j)) = ξfor all i, j ∈ n.Proof. Let δ 7→ δ∗ map ω2 to ω1 suh that
∆ξ = {δ ∈ Sω2

ω1
: δ∗ = ξ} is stationaryfor all ξ ∈ ω1 where Sω2

ω1
= {δ ∈ ω2 : cf(δ) = ω1}. Now ompose thefuntion ∗ with the trae funtion to obtain
ρ∗ : [ω2]

2 → ω<ω
1that is

ρ∗(α, β) = (β∗
i )i<nwhere α < β < ω2 and (β∗

i )i<n is the walk from β to α. Finally,onsider the map g : ω<ω
1 → ω1 onstruted in Stage II and de�ne

c0 : [ω2]
2 → ω1 by

c0(α, β) = g(ρ∗(α, β))for α < β < ω2.We laim that c0 works! Fix n ∈ ω and pairwise disjoint A ∈
[[ω2]

n]ω2 . We wish to set up a situation from ℵ1-many elements of
A so that the minimal walks between these element meet eah ∆ξ in anie way; in partiular, the sequenes de�ned by ρ∗ will ontain everyelement of ω1.More preisely, let

C = {δ ∈ ω2 : ∀γ < δ∃a ∈ A : a ⊂ (γ, δ)}and note that C is a lub. Fix bδ ∈ A suh that δ < bδ for all δ ∈ ω2.Claim 1.7. There is λ0 ∈ ω2 and stationary Σξ ⊂ ∆ξ ∩ C for ξ ∈ ω1suh that
λ(δ, β) < λ0for all ξ ∈ ω1, δ ∈ Σξ and β ∈ bδ.Proof. Reall that λ(δ, β) < δ if δ ∈ Sω2

ω1
and δ < β < ω2 and that

∆ξ ∩ C is stationary for eah ξ ∈ ω1; thus the laim follows from thePressing Down Lemma. �



HITCHHIKER'S GUIDE TO COLORING PAIRS OF ℵ2 7Fix ε ∈ Sω2

ω1
∩
⋂

{limΣξ : ξ < ω1}\λ0 and δξ ∈ Σξ \ (ε+1) for ξ ∈ ω1.Pik a o�nal sequene (γξ)ξ<ω1
in ε suh that γξ ∈ Σξ and

⋃

{λ(ε, β) : β ∈ ∪η<ξbδη} < γξfor all ξ < ω1.Pik aξ ∈ A suh that(i) sup{γη : η < ξ} < aξ < γξ,(ii) λ(γξ, ε) < aξ,(iii) ⋃

{λ(ε, β) : β ∈ ∪η<ξbδη} < aξfor ξ < ω1. We made the above hoies in order to ensure that
ρ∗(α, ε) = ρ∗(γξ, ε)

⌢ρ∗(α, γξ), (1.1)
ρ∗(ε, β) = ρ∗(δη, β)

⌢ρ∗(ε, δη), (1.2)and
ρ∗(α, β) = ρ∗(ε, β)

⌢ρ∗(α, ε) (1.3)if η < ξ < ω1, α ∈ aξ and β ∈ bδη . Most importantly, η ∈ ran ρ∗(ε, β)and ξ ∈ ran ρ∗(α, ε)!Now, let
τξ =

(

ρ∗(α, ε)
)

α∈aξ

⌢
(

ρ∗(ε, β)
)

β∈bδξfor ξ ∈ ω1. Note that ξ ∈ ran τξFix ν ∈ ω1 and to �nish the proof we will �nd η < ξ < ω1 suh that
c0(α, β) = νfor all α ∈ aξ and β ∈ bδη . By the hoie of g, we know that there is

η < ξ < ω1 suh that
g(σ⌢ϑ) = νfor all σ ⊆ τη, ϑ ⊆ τξ with η ∈ ran(σ) and ξ ∈ ran(ϑ). Thus, if α ∈ aξand β ∈ bδη then

c0(α, β) = g(ρ∗(α, β)) = g(ρ∗(ε, β)
⌢ρ∗(α, ε));�nally observing that η ∈ ran ρ∗(ε, β) and ξ ∈ ran ρ∗(ε, α) implies that

c0(α, β) = ν.

�



8 NOTES BY DÁNIEL T. SOUKUPStage IVIn this �nal stage, we improve the oloring of Stage III in two steps.The �rst modi�ation will make it possible to realize arbitrary pat-terns and the seond modi�ation will yield the oloring of our MainTheorem.Theorem 1.8. There is a c1 : [ω2]
2 → ω1 suh that for every n ∈ ω,for every pairwise disjoint A ∈ [[ω2]
n]ω2 and every h : n×n → ω1 thereis a < b ∈ A suh that

c1(a(i), b(j)) = h(i, j)for all i, j ∈ n.Proof. Fix a 1-1 sequene {tα : α < ω2} ⊆ 2ω1 and let
G = {h : 2d × 2d → ω1 : d ∈ [ω1]

<ω}.Fix an arbitrary bijetion π : ω1 → G and de�ne c1 : [ω2]
2 → ω1 by

c1(α, β) = h
(

tα ↾ d, tβ ↾ d
)where h = π(c0(α, β)) and domh = 2d × 2d .We wish to prove that c1 works so �x n ∈ ω, pairwise disjoint A ∈

[[ω2]
n]ω2 and h : n×n → ω1. Note that there is a B ∈ [A]ω2 , d ∈ [ω1]

<ωand {si : i < n} ∈ [2d]n suh that
tb(i) ↾ d = sifor all b ∈ B and i < n. Now de�ne h̄ : 2d × 2d → ω1 so that

h̄(si, sj) = h(i, j) for all i, j < n; note that si 6= sj if i 6= j so thede�nition is valid.By the de�nition of c0, there is a < b ∈ B suh that
π(c0(a(i), b(j))) = h̄for all i, j < n. Hene

c1(a(i), b(j)) = h̄(ta(i) ↾ d, tb(j) ↾ d) = h̄(si, sj) = h(i, j)for i, j < n. �Main Theorem. There is a c : [ω2]
2 → ω2 suh that for every n ∈ ω,for every pairwise disjoint A ∈ [[ω2]

n]ω2 and every h : n×n → ω2 thereis a < b ∈ A suh that
c(a(i), b(j)) = h(i, j)for all i, j ∈ n.



HITCHHIKER'S GUIDE TO COLORING PAIRS OF ℵ2 9Proof. Fix a bijetion eα : α → ω1 for eah α < ω2 and let c1 be as inTheorem 1.8. De�ne c : [ω2]
2 → ω2 by

c(α, β) = e−1
β (c1(α, β))for all α < β ∈ ω2.We wish to prove that c works so �x n ∈ ω, pairwise disjoint A ∈

[[ω2]
n]ω2 and h : n × n → ω2. Let H = ranh and note that there is

B ∈ [A]ω2, Ji ∈ [ω1]
|H| and ēi : H → ω1 for i < n suh that

ēi = eb(i) ↾ H : H → Jifor all b ∈ B and i < n.Now let h̄ : n× n → ω1 so that
h̄(i, j) = ēj(h(i, j))for i, j < n. By the de�nition of c1 we an �nd a < b ∈ B suh that

c1(a(i), b(j)) = h̄(i, j)for i, j < n. Thus
c(a(i), b(j)) = e−1

b(j)(h̄(i, j)) = ē−1
j (h̄(i, j)) = h(i, j)for all i, j < n. �Referenes[1℄ J. T. Moore, A solution to the L spae problem. J. Amer. Math. So. 19 (2006),no. 3, 717�736.[2℄ A. Rinot, The S-spae problem, and the ardinal invariant p, blog post athttp://blog.assafrinot.om/?p=2565[3℄ J. Roitman, Basi S and L. Handbook of set-theoreti topology, 295�326, North-Holland, Amsterdam, 1984.[4℄ S. Shelah, Colouring and non-produtivity of ℵ2- � Annals Pure and AppliedLogi 84 (1997) 153-174.[5℄ S. Todorevi, Foring positive partition relations. Trans. Amer. Math. So. 280(1983), no. 2, 703�720.[6℄ S. Todorevi, Partitioning pairs of ountable ordinals. Ata Math. 159 (1987),no. 3-4, 261�294.[7℄ S. Todorevi, Walks on Ordinals and Their Charateristis, Progress in Math-ematis, Vol. 263, 2007.[8℄ W. A. R. Weiss, Versions of Martin's axiom. Handbook of set-theoreti topology,827�886, North-Holland, Amsterdam, 1984.University of TorontoE-mail address : daniel.soukup�mail.utoronto.aURL: http://math.utoronto.a/∼dsoukup


